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+ Réduction de sommets = Réduction de l'espace de recherche
+ Bornes nombre de couleurs/score = Filtrage/élaguage
+ Programmation par contraintes (CP) = Propagation et filtrage
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Graph Coloring



Partial
Legal

WVCP - Weighted Vertex Coloring Problem

Find a legal coloring that minimizes
the sum of the weights of the heaviest

vertices in each color k
Score 2 maz ey, w(v)
i=1

Applications WVCP:

- Traffic management in satellite communications
- Matrix decomposition problem

- Scheduling batch job in parallel




€ Jobs

J1 - as
J2 - $s
I3 - ¥s
J4 - 6s
J5 - 55
J6 - 55
J? - 4s
Jg - 2s

1 - Prepare the jobs in a
bipartite graph (jobs - resources)

2 - Projection of the bipartite graph
onto the resources to
obtain a common needs graph

3 - Use the time of each task
as o weight For each vertex

optimal score =9+ g+6+2= 25

4 - Solve the proble,m Ly winimizing
the sum of the maximum weights
of each color

4 Batches

€ Jobs

3 Ressources

5 - Prepare the batches according 1o the color of each :)oL
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Vertex Reduction Rules and
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Reduction - Reduction Rules

RO @ m N\ N
Wang et al. [2020] e e /
GCP and WVCP z e ) ®
c4 c4
3 3
R1 c1 T % c3 / ¢ a8 c3
takes into account that u may have neighbors in C g Lo ¢ / g D T ods
WVCP o &) 7

R2 P74

X ;

adapted from Cheeseman et al. [1991] \8 /U7
GCP and WVCP a2 5/36



Reduction of vertices - Iterative Procedure and Conclusion

Iterative Reduction Procedure : demo

Compute a clique for each vertex with FastWClqg Cai et Lin [2016]
Sort vertices by weight then degree

Apply R1 and R2 on each vertex

Repeat until no vertices are removed

G g W RN =S

Reduced graph is ready!

Results
Works often better when:

- Graph is not too dense

- Existence of large cliques (and heavy for WVCP)

- Structure in the graph (geometric/social networks/books/wap/...)
Other points:

- 67/244 instances out of the GCP keep only one clique

- Helps exact methods and metaheuristics

- Helps for the calculation of bounds o/36


https://cyril-grelier.github.io/graph_coloring/2023/11/10/demo_reduction.html

Upper Bound on the Score and
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Bounds - Introduction

Why ?
- No limit on the number of colors - a solution with more colors can be better
- Necessary for exact methods

- Reduce the search space

OSOROR OO0
ORCIIONS,
©

Score =3 + 3 =6 Score =3 +1+1=5
1 1 g 3 1
1 1 1 7/36



- Color and Score

WGIZI/

(=)
G
(=)

X6, = 2

\WG:3

G

)

Upper Bound on the number of colors :
k< Z XG.
weW
k< xe + xa,
k<2 + 1
k< 3

Upper Bound on the score :

£(81) <> wxxa,

weWw
f(8*) < Weg, x xa, + Wa, X xa;
S <1 x2 +3 x1
f(87) <5
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Bounds - Conclusion

- 88/188 instances with a better upper bound on the number of colors compared to
A(G) + 1 (Demange et al. [2007])
— On average 13 fewer colors

- In practice:

- Low impact on an MCTS
- Better results with CP models
<95 proven optimal instances versus 72 without the bounds
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Three Constraint Programming
Models for WVCP
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CP models -

Primal
Scorep = w(vy) + w(vs) + w(vy) = 12
Dual
Scorep = w(v1) + w(vg) + w(vg) =7

Scorep + Scorep = Zw(vi) —-19

i=1

Models: Results: 10 new optimality proofs
Primal: Compact solution with new global constraint: Primal : 76/188

MAX_LEFT_SHIFT (reduce the color value for each vertex) Dual : 68/188

Dual: from Cornaz et al. [2017] (MIP adapted to CP) Joint: 100/188

Joint: Primal + Dual + Channeling Constraints
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Monte Carlo Tree Search - MCTS



MCTS - Monte Carlo Tree Search

UCB score
rank(C},,) 241
- ¢ x
L, rank(Ci,) \
exploitation + coef ficient x exy
Backpropagation
- Update mean score
- Increment number of visits
2 D TR = S D N
Complete the solution
I i
G | 0-Random '
Open a new node LE O H ;Eree% , !
il 1 - Local Searcl
3 dee a color areadly used i the branch F)=20 <, 1 SlHporiewsios )
5 20 S S8l EEE o
B 11/36




MCTS - A Search Tree and a Graph

Search Tree
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MCTS - Phase 1: Selection

Use UCB score (Jooken et al. [2023])
Exploitation + coefficient * Exploration

+Cx 2x[n(nb_visits(Ct))

N rank(C 1) ﬂb_VfSitS(C{+1)
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MCTS - Phase 2 : Expansion

Expow\sion

Open a new node:

1- Use a color already in use in the branch
2 - Open a new color (limit with bounds and score)

14/36



MCTS - Phase 3 : Simulation

Complete the coloring

0 - Purely random choice

a1 1 - Greedy Algorithm

‘s, 2 - Local Search (Grelier et al. [2022])

\(F(S):ZL{ 3 - Hyperheuristics (Grelier et al. [2023]) 15/36




MCTS - Phase 4 : Update

Upda‘te

Backpropagation of the score to update :

- Mean score

- Number of visits

F(S)=24
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MCTS - Phase 1: Selection...

1?C ) asc 1 [Select;oq

‘?I EY New Iteration...
24
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MCTS - Pruning 1

Best Score Found : 24 @ @

No child node Possible

wait for pruning...
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MCTS - Pruning 2

19/36



MCTS - Pruning 3

Best Score Found : 24

New Best Score : 23 /

’//od‘t for pruning...
20/36



MCTS - Pruning 4

Best Score Found : 23

Tree Pu“y @(ploreo( -> 23 is the op‘tim&' score/

21/36



MCTS + Greedy - Color the remaining vertices

Why using a greedy algorithm as simulation?

- Random simulation not efficient enough

Greedy Algorithms
- R:Random (Random choice in existing colors + one new color)
- C: Constraint (Random choice in existing colors)
- D : Welsh et Powell [1967] Deterministic (First legal color)
- DSatur : Brélaz [1979] (Choose the most saturated vertex)
- RLF: Leighton [1979] (Construct large stables)

To summarize
+ MCTS proves optimality for 100/244 GCP instances and 50/188 WVCP instances
- MCTS is very good on small instances and some medium ones

- Less efficient on larger instances 22/36



MCTS + Local Search - Improve the solution after the Greedy Algorithm

What if, after the greedy, we launched a local search?
- Explore the neighborhood by improving the greedy solution
- Improve results on medium/large instances
- Look for a good starting point for the local search

To summarize - GCP
- Local search alone more efficient

- Different need for diversification

To summarize - WVCP
- Improves the results of several local searches

- Different results depending on the instance and the local search

23/36



MCTS + Hyperheuristics - Adapt the search to the instance

Why? Which local search operators?

- No best local search : - AFISA : Sun et al. [2018]
None dominates the others
- RedLS : Wang et al. [2020]

+ Adaptation ILS-TS : N i t al. [2021]
Choose the right local search operator - Nogueira et at
without prior knowledge - TW: Grelier et al. [2022]

How does it work?
1. Complete the solution with a greedy
2. Ask a criteria which local search to use
3. Perform the local search for limited time
4

. Update the criteria with the obtained score (reward)

24/36



MCTS + Hyperheuristics - Criteria

Selection criteria

- Random Uniform random choice
- Deleter Delete the least performing operators (o)
- Roulette Goéffon et al. [2016] Random selection weighted by rewards (r)

rio
probafo] = pmin + (1= [O] * Pin) * L

Sor
+ Pursuit Goéffon et al. [2016] Selection in favor of the best operator (b)

probalb] = probalb] + B(p_max — proba[b])
probalo] = probalo] 4+ B(p_min — proba|o])

- UCB : Focusing on the best while encouraging exploration

log() _ visits)

scorelo] =r[o] + ¢ 2 =
o] [o]+ ¢+ ¥ visits[o]

- NN : Recommendation of a neural network on a raw solution with Deep Sets (Zaheer et al. [2017])

25/36



Neural Network - NN - Deep sets

Neural Network

INPUT

Invariant color |at/er 1

input size : nb colors * nb vertices
output size : nb colors * size layer 1

Leaky Relu
Invariant color [o\l/er 2

input size : nb colors * size layer 1
output size : nb colors * size layer 2

Leaky Relu
Invariant color [ayer S

input size : nb colors  size layer 2
output size : nb colors * nb operators

y mean

S _ 4 operators
A || 165 163 170 166

S Estimated score
(¢)

Invariant color [Ql/er

2
0000
\wj / output size

+

output size

plyyyyy
EAJVYYV
<

vazvﬂ

ouTPUT

Leakl/ Relu
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MCTS + Hyperheuristics - Results

DSJC1000.5 - deleter DSJC1000.5 - Roulette wheel DSJC1000.5 - Pursuit DSJC1000.5 - UCB DSJC1000.5 - Neural Net
70
160 — TS
RedLS
140 ™w

AFISA

cumulative selections

0 50 100 150 0 50 100 150 0 50 100 150 0 50 100 150 0 50 100 150
Iterations Iterations Iterations Iterations Iterations

Selection of Local Search Operators Results
- Generally 1 or 2 good operators per instance - MCTS catches up with ILS-TS on about
- Importance of having complementary 15/188 instances
operators - RedLS and ILS-TS remain better on
- No change in the choice during search about 12 instances where MCTS does

not intensify enough
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Memetic Algorithm - AHEAD

EvoCOP 2024




-—35,

Initialization [C(‘OSSOVQ{‘) (Improvj LIV\SQ{"thV\)

HEAD - Hybrid Evolutionary Algorithm in Duet
" aPx TabuCol

HEAD Algorithw @2 ‘@
Greedy N
Moalic et Gondran [2018] - Variations on memetic algorithms for graph coloring problems

Why HEAD? How?
- One of the best algorithm for GCP - 2 individuals
- Simple and efficient - GPX (Galinier et Hao [1999])

- Improved TabuCol (Hertz et Werra [1987]) 28/36



AHEAD - Adaptive Hybrid Evolutionary Algorithm in Duet

{Crossover i Local Search SN
AHEAD AlgOﬁ‘tl‘\M OGPX GPX-3 ++ TabuCol PpartialCol & 9%@
L epxo i Redls  Ius-Ts  f A

Greedy ’~ ,\ Search a
@;_.@ @—‘u c1; ,@' ,@ﬂ
Initialization (Crossover] rmpr*ova Inser‘tnovj

Why AHEAD? Which Operators?
- Attempt to improve HEAD - 3 GPX crossovers (4 conservative)
- Adapt to the instance with - 2 local searches/problem
Hyperheuristics - GCP: TabuCol, PartialCol

- WVCP: RedLS, ILS-TS 29/36



AHEAD - Adaptive Hybrid Evolutionary Algorithm in Duet

g Local Search 2T
AHEAD Algor‘i‘thm Poepx GPX-3 TabuCol  PpartialCol : 9‘%@
: GPX-9 i1 Redls  TLS-TS  } < B N
o,

Greedy o s~ Search a
Initialization (Crossover] Empmva Inser“tiovj

Results on GCP Results on WVCP Hyperheuristics?
- AHEAD improves HEAD - Better results than - Conservative crossover preferred
LS/MCTS/HEAD

- New best score on C2000.9
(Success: 404 Found) - 3 new best scores

- Local Search choice more important

- Best are Deleter and Pursuit 30/36



Memetic Algorithm - DLMCOL

Knowledge-Based Systems 2022




DLMCOL - Deep Learning Guided Memetic framework

[ o 2[:5 o DLMcOL
- 20 480 individuals ? ? # @ # AERic
- Random initialization
- Local Search: T Sem‘“
- TabuCol for GCP
- AFISA for WVCP ‘ é] ‘
- Approximate Distance Porumbel et al. [2011] fmuel bst;v:é, computmonj\
- Elitist insertion with distance Goudet et al. [2021] 1T 1 T 1
- NN selects best crossovers among 16 or 32 Seauertial sertion in pop
Conclusion
- Requires a lot of resources %;w —
- New best scores for WVCP [ Moctehing o;\ﬁucrossovers
S N 135




Guided Local Search - TabuEdges

ROADEF 2025




TabuEdges - Algorithm

- Color removing

- Fusion: merge two colors
— - Divide: separate to multiple colors

legal random
initialization

stop yes return - Tabu Management
condition 7 best solution . Tabu L|st
e - Tabu Matrix

- Configuration Checking

= update - Neighborhood Exploration (one-move)

best solution

is solution
(egal ?

- TabuCol
\l/ no ¢ ° TabUEdge
reset tabu - TabuDouble
v - Guided Component

- Increment weight/penality of edges in conflict
- Use weight as delta penalty when searching moves

remove a color
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TabuEdges - Results - State of the Art

‘ TabuCol TM ‘ TabuEdge TL ‘ TabuEdge TM ‘ TabuDouble TL ‘ k-TabuCol k-HEAD k-AHEAD

instance BKS

best time | best time | best time | best time best time | best time | best time
€2000.5 145 | 164 2445 | 166 3290 | 166 3167 | 165 663 162 2564 3300 | 151 3273
€2000.9 404 | 413 3491 | 423 3418 | 421 3184 | 422 1525 412 2225 2527 | 406 3139
C4000.5 259 | 306 2821 | 319 3410 | 317 3499 | 307 540 304 2332 3492 | 284 3156
DSJC500.1 12 12 813 13 0 13 0 12 1449 12 58 107 12 103
DSJC500.5 47 49 239 50 430 50 751 49 2594 49 573 48 1239 | 48 1663
DSJC500.9 126 | 126 1033 | 127 149 | 126 819 | 127 2249 | 126 1975 | 126 1188 | 126 530
DS)C1000.1 20 21 2 21 193 21 366 21 16 21 1 20 2496
DSJC1000.5 82 | 88 2919 | 90 1362 | 90 2318 | 90 1315 88 2811 | 83 2793
DSJC1000.9 222 | 224 1870 | 224 1894 | 223 2945 | 227 409 224 2272 | 223 3079
flat300_28_0 28* | 28 1608 | 28 2099 | 28 2584 | 28 620 30 1605 | 30 1228
flat1000_50_0 50* 50 920 50 16 50 25 50 15 50 69 50 18

flat1000_60_0 60* 60 2845 60 1403 60 1327 60 1468 60
flat1000_76_0 76* | 87 1994 | 89 2229 | 89 1728 | 89 1413 86
latin_square_10 97 101 2692 | 101 1014 | 101 1238 | 101 3213 100

le450_25¢ 25* 26 0 26 0 26 0 26 0 26 0 25 1328
le450_25d 25% | 26 0 26 0 26 0 26 0 26 0 25 1655
DSJR500.5 122% | 125 842 122 1 122 0 122 1 126 1869 | 124 1498
r250.5 65* | 66 1095 | 65 0 65 0 65 0 67 2816 | 65 1556
r1000.1c 98 115 254 98 21 98 9 98 24 128 2306 | 101 1699
r1000.5 234 | 245 2383 | 234 49 234 41 234 bty 245 2545 | 244 1862
wap0la 41* 42 62 41 7 41 4 41 7 42 219 41 2774
wap02a 40* 41 1462 40 7 40 4 40 7 41 26 40 2844
wap03a 43 47 2380 | & 2143 | 42 2811 | 43 220 45 510 | 44 2008
wap04a 41 43 2036 | 41 2235 41 1486 42 138 42 1736 | 43 612
wap06a 40* | 41 778 | 40 1 40 0 40 0 40 1103 | 40 558
wap07a 41 42 1634 40 1296 41 19 41 27 42 1667 42 968
wap08a 40* | 41 1046 | 40 130 40 150 40 68 41 107 | 41 1568
#BKS 5 14 15 14 5 7 11
#Best 8 17 18 15 8 17 19

#Best Avg 6 15 11 10 7 14 12 33/36



TabuEdges - Results -

‘ TabuCol TM ‘ TabuEdge TL ‘ TabuEdge TM ‘ TabuDouble TL | k-TabuCol k-HEAD k-AHEAD
instance BKS

best time | best time | best time | best time best time | best time | best time
€2000.5 145 164 2445 | 166 3290 | 166 3167 165 663 162 2564 3300 | 151 3273
€2000.9 404 413 3491 | 423 3418 | 421 3184 422 1525 412 2225 2527 3139
C4000.5 259 306 2821 | 319 3410 | 317 3499 307 540 304 2332 3492 | 284 3156
DSJC500.1 12 12 813 13 0 13 0 12 1449 12 58 12 107 12 103
DSJC500.5 47 49 239 50 430 50 751 49 2594 49 573 1239 1663
DSJC500.9 126 126 1033 | 127 149 | 126 819 127 2249 126 1975 | 126 1188 | 126 530
DS)C1000.1 20 21 2 21 193 21 366 21 16 21 0 21 1 20 2496
DSJC1000.5 82 88 2919 | 90 1362 | 90 2318 90 1315 88 1544 2811 2793
DSJC1000.9 222 224 1870 | 224 1894 2945 227 409 224 3296 2272 3079
flat300_28_0 28* 28 1608 | 28 2099 | 28 2584 28 620 30 1765 | 30 1605 | 30 1228
flat1000_50_0 50* 50 920 50 16 50 25 50 15 50 27 50 69 50 18
flat1000_60_0 60* 60 2845 | 60 1403 | 60 1327 60 1468 60 41 60 112 60 57
flat1000_76_0 76* 87 1994 | 89 2229 | 89 1728 89 1413 86 2678 3064 | 83 2280
latin_square_10 97 101 2692 | 101 1014 | 101 1238 101 3213 100 1014 | 101 2591 2859
le450_25¢ 25* 26 0 26 0 26 0 26 0 26 0 26 0 25 1328
le450_25d 25* 26 0 26 0 26 0 26 0 26 0 26 0 25 1655
DSJR500.5 122% 125 842 | 122 1 122 0 122 1 126 231 | 124 1869 | 124 1498
r250.5 65* 66 1095 | 65 0 65 0 65 0 67 129 65 2816 | 65 1556
r1000.1c 98 115 254 | 98 21 98 9 98 24 133 0 | 100 2306 | 101 1699
r1000.5 234 245 2383 | 234 49 234 41 234 4by 245 1387 | 246 2545 | 244 1862
wap0la 41* 42 62 41 7 41 4 41 7 42 1069 | 42 219 41 2774
wap02a 40* 41 1462 | 40 7 40 4 40 7 41 231 | 41 26 | 40 2844
wap03a 43 47 2380 2143 2811 43 220 45 332 45 510 44 2008
wap04a 41 43 2036 | 41 2235 | 41 1486 42 138 42 755 | 43 1736 | 43 612
wap06a 40* 41 778 40 1 40 0 40 0 40 1616 | 40 1103 | 40 558
wap07a 41 42 1634 1296 | 41 19 41 27 42 442 | 42 1667 | 42 968
wap08a 40* 41 1046 | 40 130 40 150 40 68 41 915 42 107 41 1568

H#BKS 5 14 15 14 5 7 11
#Best 8 17 18 15 8 17 19
#Best Avg 6 15 11 10 7 14 12 34/36




TabuEdges - Degree

link DSJR500.5 link DSJC500.5

3D Surface Plot of Weights Matrix - DSJR500.5 3D Surface Plot of Weights Matrix - DSJC500.5

“ 700
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https://cyril-grelier.github.io/assets/html/weights_DSJR500.5.html
https://cyril-grelier.github.io/assets/html/weights_DSJC500.5.html

Conclusion & Perspectives




Conclusion & x Perspectives

- Theoretical contributions
- Vertex reduction
* New rules of reduction
* Exact Model for reduction

- Bounds on colors and score
- Other methods

% Branch&Bound + LS/MCTS

—Nicolas Dupin - Univ Angers/LERIA
TabuEdges

EvoWeight (Guided Memetic Algorithm)
LNS + Exact + Learning

Hybridations exact + metaheuristics

- Implemented methods
- Constraint programming models
+ MCTS + Greedy
% DSatur/Branch&Bound when building the tree
* BeamSearch
- TabuWeight

- MCTS + Local Search
- MCTS + Hyperheuristics

* Non systematic local search
- AHEAD
- DLMCOL

Ll S
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Thank you for your attention!

Questions?

Publications, source code, results :

okaado

O

https://cyril-grelier.github.io/

Cyril Grelier - Métaheuristiques Guidées par 'Apprentissage pour la Coloration de Graphe


https://cyril-grelier.github.io/
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Graph Coloring



- Introduction

Graph Coloring Problem
Objective: find a legal coloring that minimizes the number of colors
Score:

- Number of colors k (legal)

- Number of conflicts |C| (illegal)

- Number of uncolored vertices |U| (partially legal)
NP-Hard problem
Applications:

- Scheduling problems
- Register allocation

- Frequency assignment

\/ legal coloring X Unsatisfied constraints
R SUdOkU with 3 colors 2 conflicts



- Graph Coloring Problem

Example of k-coloring with k=3

Search Space Unsatisfied constraints
Score

GCP : Find the chromatic number of the graph
Legal

4 colors used Zk—coloring : Find a legal coloring with k colors
Score = 4 i

NP-Hard Problems

?:%%; ?I%E d
.+ RE
n
Illegal Co\of 8 > \/

2 conflicts legal coloring

—
Score = 2 with 3 colors

/'

Partial-Legal

5 Applications:
vertex B not colored i - Register Allocation
Score = 1 H - Frequency Assignment
i - Scheduling

— Sudoku




- Weighted Vertex Coloring Problem

Objective: find a legal coloring that minimizes the sum of the weights of the heaviest
vertices in each color

Score : Z,L maxvey,w(v)
NP-Hard problem
Applications :

- Traffic management in satellite communications

- Matrix decomposition problem

- Scheduling batch job in parallel




€ Jobs

J1 - as
J2 - $s
I3 - ¥s
J4 - 6s
J5 - 55
J6 - 55
J? - 4s
Jg - 2s

1 - Prepare the jobs in a
bipartite graph (jobs - resources)

2 - Projection of the bipartite graph
onto the resources to
obtain a common needs graph

3 - Use the time of each task
as o weight For each vertex

optimal score =9+ g+6+2= 25

4 - Solve the proble,m Ly winimizing
the sum of the maximum weights
of each color

4 Batches

€ Jobs

3 Ressources

5 - Prepare the batches according 1o the color of each :)oL
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State of the Art



- State of the Art and

- Local Search:

- TabuCol Hertz et Werra [1987] : illegal, one-move
- PartialCol Blochliger et Zufferey [2008] : partial legal, grenade
- TabuEdges [work in progress] guided local search
- Memetic Algorithm :
- HEA Galinier et Hao [1999] : GPX, TabuCol
- Evo-Div Porumbel et al. [2010] : multi-parents crossover, distances
- MACOL LU et Hao [2010] : multi-parents crossover, distances
- HEAD Moalic et Gondran [2018] : HEA in Duet, 2 individuals
- DLMCOL Goudet et al. [2022] : MA, 20 000, NN select crossover
- AHEAD Grelier et al. [2024] Adaptive HEAD
- EvoWeight [work in progress] guided memetic algorithm

- Learning :
- PLSCOL Zhou et al. [2018] : local search, reinforcement learning

- TensCol Goudet et al. [2021] : tensor, gradient descent
- NRPA Cazenave et al. [2021] : MCTS, sequence, gradient descent

PR . Feet BT T N



- State of the Art and

- Learning :

- MCTS + Local Search Grelier et al. [2022] LS as simulation
- MCTS + Hyperheuristics Grelier et al. [2023] : select LS
- Memetic Algorithms :

- DLMCOL Goudet et al. [2022] : MA, +20000, NN select crossover
- AHEAD Grelier et al. [2024] : Adaptive HEAD
- Local Search :

- AFISA Sun et al. [2018] : illegal, one-move, adaptive coefficient
- RedLS Wang et al. [2020] : illegal, weighted edges, perturbations
- ILS-TS Nogueira et al. [2021] : p-legal, 6 neighbors, perturbations
- TW (TabuWeight) Grelier et al. [2022] : legal, one-move

- Exact Methods :

- 2-Phase Malaguti et al. [2009] : column generation, ILP
- MWSS Cornaz et al. [2017] : MIP, max weight stable set problem
- CP Goudet et al. [2023] : 3 CP models, reduction, bounds



Vertex Reduction Rules and
Iterative Reduction Procedure



Reduction Rules RO and R1

- RO, Wang et al. [2020] (GCP and WVCP):

OO OXO

W

@)

- R1, takes into account that u may have neighbors in C (WVCP):

[

; N



Reduction Rule R2 and Iterative Reduction Procedure

- R2 adapted from Cheeseman et al. [1991] (GCP and WVCP):

- Iterative Reduction Procedure : demo

1.
2. Sort vertices by weight then degree
3. Apply R1 and R2 on each vertex

4.

5. Reduced graph is ready!

Compute a clique for each vertex with FastWClg Cai et Lin [2016]

Repeat until no vertices are removed


https://cyril-grelier.github.io/graph_coloring/2023/11/10/demo_reduction.html

Reduction - Results

# RI: number of reduced instances Y%RV: percentage of removed vertices
# RV: number of removed vertices t(s): average time in seconds

GCP - [244  # Rl # RVavg # RV max %RV avg %RV max t(s)avg

RO(=R1) 132 80.2 1199 26.3 87.7 16.3
R1+R2 146 115.4 1960 29.6 87.7 78.1
Iterative 146 1825 4033 58.5 97.7 96.7

WVCP - /188 # Rl #RVavg +# RV max %RVavg %RV max t(s)avg

RO 82 34.2 469 13.4 65 2.6
R1 84 395 574 14.7 66.4 3.8
R1+R2 85 41.7 596 15.4 69 4.1

Iterative 85 543 683 233 80.9 9.8




Reduction - Results

instance |V| density ‘ RO R1 R1+R2 Iterated time(s)
DSJC125.1g 125 0.1 0 0 0 0 0
DSJC125.58 125 0.5 0 0 0 0 0
DSJC125.9g 125 0.9 0 0 0 0 3
DSJR500.1 500 0.0 78 80 80 256 1
GEOM110 110 0.1 6 9 9 23 0
inithx.i.1 864 01| 469 574 596 683 19
le450_15a 450 0.1 28 28 28 30 1
le450_25b 450 0.1 90 90 90 105 2
mulsol.i.5 186 0.2 28 53 75 82 1
queenl0_10 100 0.6 0 0 0 0 0
p42 138 0.1 1 1 1 3 0
r30 301 0.1 0 0 0 0 0
wap02a 2464 0.0 | 161 165 165 249 168
wap04a 5231 0.0 | 244 244 244 321 527




Reduction - Results

instance V]  density ‘ RO R1 R1+R2 Iterated time(s)
DSJC125.1 125 0.1 0 0 0 0 0
DSJC125.5 125 0.5 0 0 0 0 0
DSJC125.9 125 0.9 0 0 0 0 1
DSJR500.1 500 0.1 150 150 151 488 0
GEOM110 110 0.1 17 17 17 101 0
inithx.i.1 864 0.1 705 705 709 769 4
le450_15a 450 0.1 41 41 41 43 0
le450_25b 450 0.1 131 131 131 156 0
mulsol.i.5 186 0.2 106 106 108 114 0
queenl0_10 100 0.3 0 0 0 0 0
p42 138 0.1 10 10 10 124 0
r30 301 0.1 0 0 0 0 0
r1000.1 1000 0.1 99 99 99 954 0
wap04a 5231 0.0 | 1199 1199 1199 1199 26




Reduction - Conclusion

Works often better when:

- Graph is not too dense
- Existence of large cliques (and heavy for WVCP)
- Structure in the graph (geometric graphs, social networks/books/wap graphs, ...)

Other points:

- 67 instances out of 244 of the GCP keep only one clique.
- Help for exact and approximate resolution methods

- Help for the calculation of bounds



Upper Bound on the Score and
Number of Colors for the WVCP




Bounds - Introduction

Why ?
- No limit on the number of colors - a solution with more colors can be better
- Necessary for exact methods

- Reduce the search space

OSOROR OO0
ORCIIONS,
©

Score =3 + 3 =6 Score =3 +1+1=5
1 1 g 3 1
1 1 1



Bounds - State of the Art

Number of Colors
- Lower bound : size of the largest clique

- Upper bound : R < A(G) +1
Brooks [1941] GCP, Demange et al. [2007] WVCP

Score
- Lower bound : weight of the heaviest clique

- Upper bound : sum of the weights of the vertices, BKS '

TBest Known Score in the literature



Bounds - Contributions

New bounds - see Theorem in Goudet et al. [2023]

Given an instance of the WVCP G = (V, E,w) and an optimal solution S* with k color
groups. Then the upper bounds are:

- on the number of colors :

R< Y xa.

wew
- on the score :

f(S*)SZWXXGW

wew

with :

- W= {w(v) | v eV} the set of weight values of G.
- Gy = (Vu, Ey) the subgraph of G induced by the weight w.
* Xc, the chromatic number of Gy,.



- Color and Score

WGIZI/

(=)
G
(=)

X6, = 2

\WG:3

G

)

Upper Bound on the number of colors :
k< Z XG.
weW
k< xe + xa,
k<2 + 1
k< 3

Upper Bound on the score :

£(81) <> wxxa,

weW
f(8*) < Weg, x xa, + Wa, X xa;
S <1 x2 +3 x1
f(87) <5



Bounds - Results

bounds colors | bounds score
Instance V| density hy | A+1] b ub b ub
DSJC125.1g 125 0.1 0.04 24 4 14 19 42
DSJC125.5¢ 125 05 0.04 76 | 10 34 42 105
DSJC125.9¢ 125 09 0.04 121 | 32 72 124 220
DSJR500.1 244 0.03 0.08 26 | 12 26 166 477
GEOM110 87 0.11 0.11 20 9 20 65 151
inithx.i.1 181 005 01 169 | 54 78 569 800
le450_15a 420 0.08 0.05 99 | 15 61 206 628
le450_25b 345 0.08 0.06 108 | 25 73 307 735
mulsol.i.5 104 0.23 0.18 88 | 31 58 367 574
queenl10_10 100 059 0.19 36 | 10 36 153 420
p4?2 135 0.12 0.46 25 | 14 25 | 2466 8108
r30 301 0.09 0.76 35| 19 35 | 9816 104285




Bounds - Impact on Primal Model

primal primal ub color | primal all bounds
instance BKS | score time(s) | score time(s) | score time(s)
DSJC125.1g 23 23* 862 23* 435 23* 451
DSJC125.5¢ 71 78 tl 78 tl 78 tl
DSJC125.9¢g 169* 176 tl 176 tl 176 tl
DSJR500.1 169 187 tl 177 tl 169 tl
GEOM110 68* 69 tl 68* 1893 68* 1729
inithx.i.1 569* 569 tl 569 tl 569* 54
le450_15a 212 245 tl 234 tl 234 tl
le450_25b 307 307 tl 307 tl 307* 322
mulsol.i.5 367* 367 tl 367 tl| 367* 31
queen10_10 162 170 tl 169 tl 169 tl
p42 2466* | 2480 tl | 2466 tl | 2466* 2908
r30 9816* | 9831 tl | 9831 tl 9831 tl
HBKS 101/188 105/188 107/188
#Optimal 72/188 75/188 95/188




Bounds - Conclusion

- 88/188 instances with a better upper bound on the number of colors compared to
A(G) +1
— On average 13 fewer colors

- In practice :

- Better results with a CP model Goudet et al. [2023]
<95 proven optimal instances versus 72 without the bounds
- Low impact on an MCTS



Three Constraint Programming
Models for WVCP



CP models - Definitions

- P, denotes the problem of determining the existence of a solution to P that uses a
number of colors smaller than or equal to «.

- Solutions to P,, are modeled as maps s : [V] — K where K = {1,...,k}.

- Atotal ordering >, over V is defined which is consistent with the descending order
of weights (u >, v — w(u) > w(v) for u,v € V).

- A solution is d-sorted if non-empty colors start from rank 1 and are sorted
consistently with the ordering >, of their dominant vertices.

- Sp,.: set of d-solutions using a number of colors smaller than .



CP models - Example of d-sorted solution




CP models - model for P,

minimize x° s.t.
X0 e {I\;lg\i((W(V,‘)), o .,\;W(V,')} (P1)
vieU:xV ek (
VYReK:xf eV (
VReK:x2 eU (
INT_SET_CHANNEL([xk |k € K], [x"|v; € U]) (
VR € K: Xjypp =R (P6
V{vi,vj} € E: X7 # x/ (
VR € K : x] = min (xf) (

(

X° = Z wixp]

kek
STRICTLY_INCREASING(X?) (P10)



CP models - Experimental Settings

- Intel Xeon ES 2630, 2.66 GHz.

- OR-Tools Perron et Furnon [2022] solver.

- Heuristics first-fail combined with domain bisection.
- Time limit of 1 hour for each run on a single CPU.



CP models - model results and impact of pre-computed bounds

primal primal ub color primal all bounds
instance BKS | score  time(s) | score  time(s) score time(s)
DSJC125.1g 23 23* 862 23* 435 23* 451
DSJC125.5gb 240 270 tl 270 tl 270 tl
DSJC125.5¢ 71 78 tl 78 tl 78 tl
DSJC125.9¢ 169* 176 tl 176 tl 176 tl
DSJR500.1 169 187 tl 177 tl 169 tl
GEOM110 68* 69 tl 68* 1893 68* 1729
inithx.i.1 569* 569 tl 569 tl 569* 54
le450_15a 212 245 tl 234 tl 234 tl
le450_25b 307 307 tl 307 tl 307* 322
mulsol.i.5 367* 367 tl 367 tl 367* 31
queenl0_10 162 170 tl 169 tl 169 tl
p42 2466* 2480 tl 2466 tl 2466* 2908
r30 9816* 9831 tl 9831 tl 9831 tl

nb bks reached 101/188 105/188 107/188

nb optim 72/188 75/188 95/188

Table 1: Primal model results and impact of pre-computed bounds.



CP models - Compact solutions

- A solution is compact, if the color value of each vertex cannot be reduced.

- Proposal of an algorithm, gp,, compacting any d-sorted solution without
deteriorating its score.

Theorem

Let P, be a satisfiable wvcp instance. There exists gp, : Sp, — Sp, such that, for all
S € Sp,., gp,(5) is compact, f(gp, (s)) < f(s) and gp, (g, (S)) = g, (S)-

Corollaries

1. Reduction of the domain of each variable v to {1,...,min(x, A(v) +1)}.

2. New global constraint to achieve compactness



CP models - Example of compact solution

- This d-sorted solution is compact since neither v, v, nor vs may be left-shifted.

- If (v3,v4) and (vs, ve) were not part of the graph, then vs and v, could be left-shifted
to colors Ky and K; respectively to compact the solution.

Ky Ko Kz




CP models - Enforcing solution compactness

- Definition: Let y be an integer domain variable and [x, ..., x,] be a vector of positive
integer domain variables (n > 0). MAX_LEFT_SHIFT (Y, [X1,...,Xn]) holds iff
y =ming_y pp1({R|Vi=1.n:X # R}).

- New global constraint for the primal model:

Vi € V : MAX_LEFT_SHIFT(x/, [x/'|v; € N(v)]) (P11)



CP models - Implementation of MAX_LEFT_SHIFT

Decomposition of MAX_LEFT_SHIFT using constraints (M1-M3) with global constraint NVALUE
Bessiere et al. [2006]:

MAX_LEFT_SHIFT(Y, [X1,...,Xn]) =
Vie{l,...,n}:z€{0,...,n+1} (M1)
Vie{1,...,n}:z,-:(y>x,)><x,~ (Mz)

NVALUE(Y, [0, Z1, . . ., Z4]) (M3)



CP models - Impact of this symmetry breaking rule on the results

primal primal + P11
instance BKS | score time(s) | score time(s)
DSJC125.1¢g 23 23* 862 23* 628
DSJC125.5¢ 71 78 tl 78 tl
DSJC125.9¢g 169* 176 tl 176 tl
DSJR500.1 169 187 tl 173 tl
GEOM110 68* 69 tl 68* 53
inithx.i.1 569* 569 tl 569 tl
le450_15a 212 245 tl 235 tl
le450_25b 307 307 tl 310 tl
mulsol.i.5 367* 367 tl 367 tl
queenl0_10 162 170 tl 170 tl
p42 2466* | 2480 tl | 2480 tl
r30 9816* | 9831 tl | 9831 tl
nb BKS reached 101/188 102/188
nb optim 72/188 76/188




CP models - graph from Cornaz et Jost [2008]

Primal
Scorep = w(v1) + w(vsg) + w(vg) = 12
Dual
Scorep = w(v1) + w(vs) + w(vy) =7

Scorep + Scorep = Zw(vi) =19
i=1

- Set of arcs of the dual graph: E = {ij | vi,vi e VA{v, v} € EAV; >y v}
- Solution in the dual model: a set of simplicial stars that span disjoint subsets of
nodes.



CP models -

model for P, - adaptation from Cornaz et al. [2017]

maximize y° s.t.

Vi€ E 1y} € {0,7) (01
Y eq0,. Y )} (02)
viev
v =) Wy x v (03)
e

Vi, ik € E s.t. (R R} NE =0
Vi + Vi <1 (D4)

Vij,jk € B i e+ <1 (05)
Vhi,ij € B iy 4y <1 (D6)
(D7)

(D8)

W eV:z e {0,1} D7

W, eT:2/ =1— max (V) D8
(h,yee

W eV\T: 2/ =1 (D9)

ZZ,V <K (010)

viev



CP models - model

Joint Model = Primal + Dual + J1-J4 channeling constraints.

minimize x° s.t.

Vij e EC ; i < (¢ =x7) (n

Gee(xP | ke K], V, [ | vie V) (J2)

X4y =" w(v) (J3)
vieV

Wi e V,v;e N(vi) st vi >y v :

( N X;J>:» X< (14

\/hEN(V,’)ﬁN(V/’)




CP models - Results

primal primal + P11 dual joint + J4
instance BKS | score time(s) | score time(s) | score time(s) | score time(s)
DSJC125.1¢g 23 23* 862 23* 628 26 tl 24 tl
DSJC125.5¢g 71 78 tl 78 tl 84 tl 78 tl
DSJC125.9¢ 169* 176 tl 176 tl | 169* 56 169* 380
DSJR500.1 169 187 tl 173 tl 187 tl 186 tl
GEOM110 68* 69 tl 68* 53 73 tl 68* 741
inithx.i.1 569* 569 tl 569 tl 569 tl 569* 1923
le450_15a 212 245 tl 235 tl 250 tl = tl
le450_25b 307 307 tl 310 tl 314 tl = tl
mulsol.i.5 367* 367 tl 367 tl 367 tl 367* 203
queenl0_10 162 170 tl 170 tl 177 tl 172 tl
P42 2466* | 2480 tl | 2480 tl | 2517 tl | 2466* 673
r30 9816* | 9831 tl | 9831 tl | 9831 tl 9831 tl

nb BKS reached 101/188 102/188 79/188 112/188

nb optim 72/188 76/188 68/188 100/188




CP models - New optimality proofs

We ran the cP models with pre-computed bounds during 1h in parallel on 10 threads.

instance V| BKS ‘ score time(s) H instance V| BKS ‘ score  time(s)
DSJC125.1gb 125 90 90* 25 myciel7gh 191 109 | 109* 69
DSJC125.1¢g 125 23 23* 11 myciel7g 191 29 29* 241
DSJR500.1 500 169 | 169* 66 || queen9_9g 81 41 41* 509
mycielégb 95 94 94* 17 || queenl10_10g 100 43 43* 820
mycielég 95 26 26* 17 || le450 25b 450 307 | 307* 322

Table 2: New optimality proofs for difficult benchmark instances.



CP models - Conclusion

- Iterative reduction procedure and new upper bounds on the score and the number
of colors.
— Reduce the search space.

- Three competitive and complementary cP models.
- 10 new optimality proofs for difficult benchmark instances.

- Future work: investigate possible hybridizations of the cP models with
metaheuristics.



MCTS




MCTS - Monte Carlo Tree Search

UCB score

rank(Ci,1) 2+ In(nb_visits(C))
- ¢ x
U rank(C},) \ nb_visits(C.,)

exploitation + coef ficient x explor

Backpropagation

- Update mean score
- Increment number of visits

+Complete the solution®

| |
Open a new node & J : ?:g?enggym :
a
1. Use a color already used in the branch F(S)=24 |  2-Local Search |
2. Open a new color (s) Pt N perieuristics g




MCTS - Why ?

Particularities of the WVCP
- Some vertices are more important (weight, degree)
- Only the heaviest vertex of a color has an impact on the score

Why MCTS ?
- Find a good color for the heaviest vertices
- Continuously explore new areas of the search space
- Cut symmetries and prune well to prove optimality
- Hybridation with other methods (Greedy, Local Searches,...)



MCTS - A Search Tree and a Graph

Search Tree

26.2
A5

Mean Score

q




MCTS - Phase 1: Selection

Use UCB score (Jooken et al. [2023])
Exploitation + coefficient * Exploration

+Cx 2x[n(nb_visits(Ct))

N rank(C 1) ﬂb_VfSitS(C{+1)




MCTS - Phase 2 : Expansion

Expow\sion

Open a new node:

1- Use a color already in use in the branch
2 - Open a new color (limit with bounds and score)




MCTS - Phase 3 : Simulation

Complete the coloring

0 - Purely random choice

a1 1 - Greedy Algorithm

‘s, 2 - Local Search (Grelier et al. [2022])
\(F(S):ZL{ 3 - Hyperheuristics (Grelier et al. [2023])




MCTS - Phase 4 : Update

Upda‘te

Backpropagation of the score to update :

- Mean score

- Number of visits

F(S)=24



MCTS - Phase 1: Selection...

‘?I EY New Iteration...
24




MCTS - Pruning 1

Best Score Found : 24 @ @

No child node Possible

wait for pruning...



MCTS - Pruning 2




MCTS - Pruning 3

Best Score Found : 24

New Best Score : 23 /

’//od‘t for pruning...



MCTS - Pruning 4

Best Score Found : 23

Tree Pu“y @(ploreo( -> 23 is the op‘tim&' score/



MCTS + Greedy - Exploration vs. Exploitation Coefficient
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MCTS + Greedy - Results

1 point/instance if mean significantly better for row method than column method (Wilcoxon
signed-rank test, p-value < 0.001)

= L i on _

w3 02 5 8 Zlg S| |e B = E
instances c © G 5 B|Z ,BU & o @ 1
= = = Ig § = o g
MCTS+R = 0 2 0 1 43 9 172 172 151 109
MCTS+C 80 - 20 10 2 45 10 180 181 178 109
MCTS+D 78 24 = 10 O 48 9 178 178 179 110
MCTS+DSatur | 81 46 46 = 10 | 55 12 189 189 189 109
MCTS+RLF 80 55 60 34 - 63 10 190 191 192 110
NRPA 78 53 59 40 28 - 11 202 206 159 0
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MCTS + Greedy - Results

1 point/instance if mean significantly better for row method than column method (Wilcoxon
signed-rank test, p-value < 0.001)

S w —

s |5 0% 28 2| 9 oellg g 2 E

instances c & G 5 B|% & 2 2 £ g B
= = = g S o Q

MCTS+R = 0 1 1 32 22 46 0 75 75 56 48

MCTS+C 122 = 23 32 92 77 85 0 114 114 75 49

MCTS+D 121 44 = 30 97 98 103 1 92 92 91 48

MCTS+DSatur | 121 48 35 - 99 93 107 O 93 93 93 47
MCTS+RLF 87 14 14 14 = 58 79 0 70 70 70 45
AFISA 96 33 46 50 89 = 53 0 114 114 45 0



MCTS + Greedy - Results

. ‘ MCTS+C ‘ MCTS+D MCTS+DSatur AFISA RedLS ILS-TS
instance BKS

best mean time | best mean time | best mean time | best mean time | best mean time | best mean time
C2000.5 2144 | 2505 2537.7 3422 | 2385 1685 | 2397 23988 3390 | 2384 24034 3601 | 2167 2193.8 2403 | 2237 2266.4 3498
C€2000.9 5477 | 6233 62729 3575 | 6125 6147.8 3238 | 6275 163 | 6582 6650.1 0 5502 5528.1 3303 | 5910 59699 3587
DSJC250.1 127 134 1414 13 141 4 139 1151 | 129 1336 3294 | 130 1316 1 127 127.8 1608
DSJC250.5 392 422 429.4 14 427 92 421 705 411 4242 541 398 4012 103 393  397.6 2567
DS)C250.9 934* 973 988.7 2793 | 986 16 984 559 949 976.1 232 934 935.6 718 936 942.1 3053
DSJC500.1 184 203 208.3 148 203 638 203 2943 | 198 2015 1817 | 187 2019 537 188 188.8 1744
DSJC500.5 685 754 765.6 136 755 635 775 780.9 3542 | 762 7781 1307 | 706  716.1 2840 | 724 7355 1744
DS)C500.9 1662 | 1771 1787.4 113 | 1794 171 | 1795 1797.1 3453 | 1744 17755 652 | 1670 1675.1 945 | 1720 1742 3039
DSJC1000.1 300 334 3374 1618 | 333 2823 | 340 2474 | 319 325 2182 | 305 307.2 1235 | 305 307.4 1574
DSJC1000.5 1185 | 1271 1293.6 1668 | 1318 1437 | 1338 203 | 1308 1330 3531 | 1198 1213.7 2381 | 1245 12692 231
DS)C1000.9 2836 | 3040 30704 978 | 3078 2863 | 3172 3338 | 3066 3107 3601 | 2840 2858.5 2953 | 3026 3066.8 3580
DSJR500.1 169* 169 46 177 0 176 21 169 54 171 1845 0 169 0
flat1000_50_0 924 1236 1255.8 1452 | 1251 12511 3037 | 1303 1843 | 1267 12933 2736 | 1155 1173.8 3238 | 1222 1235 1712
flat1000_60_0 1162 | 1275 12958 1478 | 1260 1260.7 3424 | 1343 311 | 1309 13232 3584 | 1191 1205.7 1080 | 1250 1270 125
flat1000_76_0 1165 | 1252 1269.7 1477 | 1244 12482 3557 | 1313 1798 | 1288 13044 3278 | 1176 1194 1107 | 1232 12475 1198
GEOM120 72* 72 73 0 72 0 72 36 72 73 0 72 752 0 72 0
latin_square_10 1480 | 1721 1757.1 966 | 1726 1726.8 3418 | 1805 2360 | 1607 1652.4 2257 | 1505 1523 2369 | 1559 15812 1368
le450_25a 306 307 310 3364 | 312 5 310 1919 | 311 3163 2699 | 306  307.4 503 306 174
le450_25b 307* 309 309.1 993 309 0 309 224 308 3126 1891 | 307 3134 56 307 10
le450_25¢ 342 365 3727 2844 | 369 950 376 1572 | 355 364.4 3436 | 351 354.8 43 348 351.8 3207
le450_25d 330 354 3588 2802 | 364 1657 | 369 1411 | 351 3578 1630 | 332 3389 154 339 3425 1999
myciel7gb 109* 117 1183 476 109 42 109 38 109 1118 1129 | 109 116.4 0 109 4
myciel7g 29* 29 298 578 29 0 29 0 29 30.7 2542 29 298 244 29 0
queen10_10 162 165 169.1 986 171 0 169 8 165 1669 524 162 166.2 504 162 13
queen1l_11 172 178 180.4 941 180 80 179 50 179 1811 722 174 177.1 761 172 172.6 1820
queen12_12 185 189 196.8 2 193 1102 | 197 1823 | 193 196.7 2062 | 188 190.2 7 185 186.1 1261
wap0la 545 657 659.8 2965 | 599 3272 | 595 2904 | 653 664.5 3413 | 563 688.4 252 548 3263




MCTS + Greedy - Results

GCP

- vs NRPA (Cazenave et al. [2021]):

- NRPA reaches more best scores

- NRPA better on geometric or patterned instances
- MCTS gets better averages

- MCTS better on random, denser/larger instances

- vs TabuCol (Hertz et Werra [1987] 2):
- TabuCol remains better in general
WVCP
- vs AFISA (Sun et al. [2018]) and RedLS (Wang et al. [2020]) :
- MCTS better on small/medium instances

- vs ILS-TS (Nogueira et al. [2021]) :

- ILS-TS remains better in general
Zoptimized by Moalic et Gondran [2018]




MCTS + Hyperheuristics - Criteria

Selection criteria

- Random Uniform random choice
- Deleter Delete the least performing operators (o)
- Roulette Goéffon et al. [2016] Random selection weighted by rewards (r)

rio
probafo] = pmin + (1= [O] * Pin) * L

Sor
+ Pursuit Goéffon et al. [2016] Selection in favor of the best operator (b)

probalb] = probalb] + B(p_max — proba[b])
probalo] = probalo] 4+ B(p_min — proba|o])

- UCB Focusing on the best while encouraging exploration

log() _ visits)

scorelo] =r[o] + ¢ 2 =
o] [o]+ ¢+ ¥ visits[o]

- NN Recommendation of a neural network on a raw solution with Deep Sets (Zaheer et al. [2017])



MCTS+Hyperheuristics - Results

- - RedLS MCTS+RedLS ILS-TS. ndom Deleter Roulette ucs Pursuit NN
best avg  time | best avg time | best avg time | best ~avg time | best avg time | best avg time | best avg time | best avg time | best avg time
€20005 2144 | 2167 21938 2403 | 2354 2369 2091 | 2237 22664 3498 | 2336 23471 2870 | 2331 23422 2952 | 2330 2347.3 1845 | 2335 2349.8 1558 | 2332 23408 1271 | 2337 23462 6924
€20009 5477 | 5502 55281 3303 | 6060 60936 1107 | 5910 5969.9 3587 | 6035 6110.6 1968 | 6067 61054 492 | 6073 61094 2542 | 6077 61114 2952 | 6069 61034 205 | 6109 61285 7363
DSJC250.1 127 | 130 1316 1| 127 1275 1785 | 127 1278 1609 | 127 1281 1604 | 127 1277 2271 127 1278 2593 | 127 1276 2125| 127 1278 1712 | 127 1276 209
DSJC250.5 392 | 398 4012 103 | 396 3979 3045 | 393 397.6 2567 | 397 3991 1242 | 393 3975 3558 | 397 3986 1971 | 394 3984 1746 | 396 3978 1143 | 396 3982 2701
DSJC250.9 934% | 934 9356 719 | 935 9359 2406 | 936 9421 3053 | 936 9368 1593 | 935 936 2643 | 935 9362 1802 | 935 9361 1856 | 935 9362 3054 | 934 9356 2451
DSJC500.1 184 | 187 2019 537 | 187 187.8 1765 | 188 1888 1744 | 186 1884 2079 | 186 1882 3773 | 187 1884 2503 | 187 1884 3861 | 187 1885 2079 | 187 1882 3043
DSJC500.5 685 | 706 7161 2840 | 716 7192 3234 | 724 7355 1744 | 715 7202 964 | 715 719 3234 | 715 7207 1045| 712 7206 880 | 715 7198 715| 713 7189 631
DSJC500.9 1662 | 1670 1675.1 946 | 1687 16947 726 | 1720 1742 3039 | 1694 1697.5 2229 | 1685 16929 847 | 1689 16945 2622 | 1691 16954 1881 | 1690 16943 1227 | 1688 16935 3134
DSJC1000.1 300 | 305 3072 1235| 307 3079 1799 | 305 3074 1575 | 304 3062 3570 | 304 3058 1190 | 302 3056 588 | 304 3059 2835| 305 3054 2151| 303 3051 4617
DSIC10005 1185 | 1198 12137 2381 | 1244 12485 1197 | 1245 12692 231 | 1245 12514 756 | 1238 12466 1428 | 1241 12514 2142 | 1242 1250 1722 | 1239 12478 1554 | 1240 12476 3159
DSIC10009 2836 | 2840 28585 2953 | 2974 29922 651 | 3026 30668 3580 | 2982 29959 1890 | 2983 29925 3486 | 2984 29952 2982 | 2983 29951 504 | 2983 29952 2058 | 2976 29932 1499
flat1000_.50_0 924 | 1155 11738 3238 | 1199 12062 336 | 1222 1235 1713 | 1203 12107 3045|1191 12062 630 | 1201 12081 945 [ 1205 12106 756 | 1198 1207.8 3654 | 1196 12046 437
flat1000_60_0 1162 | 1191 12057 1080 | 1238 12445 1491 | 1250 1270 125 | 1235 1249.5 3045 | 1242 1247.5 525 | 1241 12482 1995 | 1232 12478 882 | 1239 12453 1701|1238 12451 1393

flatl000_76_0 1165 | 1176 1194 1107 | 1214 1222 1176 | 1232 1247.5 1198|1210 12249 2751|1217 12221 1470 | 1211 12238 168 | 1218 12262 504 | 1214 1223 2121 | 1211 12225 4602

GEOM120a 105* | 105 1092 9| 105 105 9| 105 105 0| 105 105 9| 105 105 6| 105 105 7| 105 105 8| 105 105 7| 105 105 8
GEOM120b 35* 35 355 0| 35 35 1| 35 35 0| 35 35 4| 35 35 5| 35 35 4| 35 35 5| 35 35 7| 35 35 3
M120 72% 72 752 o| 72 2 W 72 72 o| 72 72 3| 72 72 8| 72 72 s| 72 72 W 72 72 3| 72 72 2
latin_square_10 1480 | 1505 1523 2369 | 1533 15448 1938 | 1559 15812 1369 | 1546 15529 1406 | 1533 15442 1606 | 1540 15506 3268 | 1522 15468 456 | 1529 15472 798 | 1538 15462 4558
le450_25a 306 | 306 3074 504 | 306 306 132 | 306 306 175| 306 306 453 | 306 306 330 | 306 306 349 | 306 306 406 | 306 306 292 | 306 306 424
le450_25b 307* | 307 3134 s6| 307 307 87| 307 307 10| 307 307 63| 307 307 75| 307 307 59| 307 307 52| 307 307 61| 307 307 47
le450_25¢ 342 | 351 3548 44| 348 3494 383 | 348 3518 3207 | 349 3502 945 | 347 3494 2147 | 350 3503 1543 | 348 3498 2052 | 347 3495 2889 | 347 3494 3388
le450_25d 330 | 332 3389 154 | 334 3359 1436 | 339 3425 1999 | 336 3368 1403 | 334 3361 1935 | 335 3367 1512 | 333 336 2394 | 335 3359 1386 | 335 336 2054
queen11 11 172 | 174 1771 762 | 172 1732 1935 | 172 1726 1821 | 172 1729 2011 | 172 1728 1952 | 172 1728 1960 | 172 1728 1293 | 172 1728 1370 | 172 1727 2632
queen12.12 185 | 188 1902 8| 185 1866 432 | 185 1861 1261 | 186 1867 1379 | 186 1863 1506 | 186 1865 1723 | 186 1866 2051 | 186 1864 1502 | 186 1864 1369
queen13_13 194 | 195 1987 1528 | 194 1946 1605 | 194 1957 3476 | 194 1949 2997 | 194 1945 1668 | 194 1948 2707 | 194 1945 2734 | 194 1946 1352 | 194 1943 2140
queenl4_14 215 | 217 2224 18| 216 2169 918 | 216 2173 2018 | 217 2173 1408 | 216 2169 2173 | 216 2172 1868 | 216 217.3 3268 | 216 2173 1168 | 217 2173 1669

queen1s5_15 223 | 227 2297 1110 | 225 2262 718 | 227 2284 2167 | 226 2269 2274 | 226 2262 1392 | 226 2266 2088 | 225 2264 2408 | 224 2261 2590 | 225 2262 2647
queenl6_16 234 | 237 2399 91| 237 2377 1813 | 238 2402 2938 | 237 2383 1998 | 236 2374 2627 | 237 2377 2104 | 236 237.8 3720 | 236 2376 3726 | 236 2377 1544
545 | 563 6884 252 | 561 5866 2860 | 548 552 3263 | 560 590.3 2596 | 587 5916 2420 | 567 5896 352 | 570 5901 3080 | 586 5915 1672 | 567 5895 440

563 | 564 5725 3280 | 581 5839 1287 | 569 5746 3529 | 583 5852 1906 | 583 5848 2138 | 582 584 2525 | 582 5841 2624 | 581 5841 2277 | 582 5851 1685
541 | 543 5445 970 | 543 5448 1326 | 541 5434 3306 | S44 5458 1139 | 544 5457 1397 | 545 5456 1929 | 545 546 1649 | 543 5454 578 | 543 5453 1571
516 | 518 5904 1005 | 521 5235 1332 | 519 5224 1123 | 521 5261 1188 | 526 5297 270 | 523 527.1 756 | 522 5266 972 | 524 5283 2196 | 521 5274 252

555 | 729 7457 0| 566 6326 770 | 564 5695 2680 | 567 5959 210 | 605 6106 945 | 569 6085 140 | 604 6102 3290 | 567 6064 70| 568 606 2904
529 | 536 6139 3035 | 543 5458 144 | 543 5495 3585 | S44 5469 2844 | 544 551 288 | 545 5469 1836 | 544 5474 2736 | 544 5471 828 | 545 5479 1215
4984* | 4987 50557 0| 4984 4984 557 | 4984 4984 0| 4984 4984 8| 4984 4984 7| 4984 4984 6| 4984 4984 8| 4984 4984 8| 4984 4984 4
2688* | 2718 27873 0|2688 2688 530 | 2688 2688 0| 2688 2688 9| 2688 2688 9| 2688 2688 10| 2688 2688 7|2688 2688 10| 2688 2688 8
2466* | 2466 25225 0| 2466 2466 109 | 2466 2466 2466 2466 18 | 2466 2466 19 | 2466 2466 23 | 2466 2466 11| 2466 2466 16 | 2466 2466 18

9407* | 9410 9563 45 9| 9407 9407 30| 9407 9407 30 | 9407 9407 26 | 9407 9407 37 | 9407 9407 26 | 9407 9407 25
8693 | 8696 8817.6 08693 8693 539 | 8693 8693 1[8693 8693 23 (8693 8693 14 |8693 8693 18 | 8693 8693 13 | 8693 8693 17 | 8693 8693 21
9816* | 9836 99882 1|9816 9824 2570 | 9816 9816 6|9816 9816  47|9816 9816 30| 9816 9816 35| 9816 9816 35| 9816 9816 27 | 9816 9816 20




MCTS + Hyperheuristics - Results

1 point/instance if mean significantly better for row method than column method (Wilcoxon
signed-rank test, p-value < 0.001)

< R Q- N S Y <

/188 T &8 §& § 95 FgSFTs |&§ & &

AFISA = 35| 49 17 | 53 0 0 0 0 0 0 0 0 0 114 114 45

MCTS+AFISA 40 = 73 10 | 86 0 1 0 0 0 0 0 0 0 115 115 97
W 40 40| - 25|48 1,0 3|2 2 2 2 1 2 99 99 53

MCTS+TW 74 73 | 78 = 101 5 1 0 0 0 0 0 0 0 132 132 98
RedLS 41 35| 47 29 = 11 (14 15|12 11 12 13 11 11 112 127 44

MCTS+RedLS | 103 82 | 107 72 | 102 = 20 28 | 5 5 4 3 2 4 152 153 142
ILS-TS 104 82 | 106 75| 96 19 = 18 (10 11 10 9 11 11 159 164 159

MCTS+ILS-TS | 102 82 | 103 73 | 92 15| 2 = 0 0 1 1 1 155 155 152
Random 104 82 | 108 75| 98 15| 15 25 = 0 0 1 1 156 158 151
Deleter 104 82 | 108 75| 99 14 |17 23| 5 = 0 0 0 1 156 161 156




MCTS + Hyperheuristics - Results

MCTS + LS (Local Search)

- MCTS+LS improves the number of significant differences to the average and the
number of best scores for AFISA, TabuWeight and RedLS but not for ILS-TS

- LS alone better on about 20 instances (/188)

MCTS + HH (Hyperheuristics, with selection criteria)
- MCTS+HH more often better than LS and MCTS+LS
- LS alone better on about 12 instances (/188)

- ILS-TS keeps the advantage on the number of best scores but the difference is
smaller

- No very large differences between the criteria
- Deleter, Pursuit and NN a little more often better than Random
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MCTS + Hyperheuristics - Selection
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MCTS + Hyperheuristics - Selection 2/2
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AHEAD
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HEAD - Hybrid Evolutionary Algorithm in Duet
" aPx TabuCol

HEAD Algorithw @2 ‘@
Greedy N
Moalic et Gondran [2018] - Variations on memetic algorithms for graph coloring problems

Why HEAD? How?
- One of the best algorithm for GCP - 2 individuals
- Simple and efficient - GPX (Galinier et Hao [1999])

- Improved TabuCol (Hertz et Werra [1987])



AHEAD - Adaptive Hybrid Evolutionary Algorithm in Duet

{Crossover i Local Search SN
AHEAD AlgOﬁ‘tl‘\M OGPX GPX-3 ++ TabuCol PpartialCol & 9%@
L epxo i Redls  Ius-Ts  f A

Greedy ’~ ,\ Search a
@;_.@ @—‘u c1; ,@' ,@ﬂ
Initialization (Crossover] rmpr*ova Inser‘tnovj

Why AHEAD? Which Operators?
- Attempt to improve HEAD - 3 GPX crossovers (4 conservative)
- Adapt to the instance with - 2 local searches/problem
Hyperheuristics - GCP: TabuCol, PartialCol

- WVCP: RedLS, ILS-TS



GPX - Galinier et Hao [1999]

GPX crossover - Gyree,clc/ Partition Crossover

P1 J jcii‘;:

P2 fab?ﬂifgji‘”chki!

delete (d, e, £, g} fron parents groups

—— —
¢ 5 [
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T e . T
— )
add uncy, . o ) ( i bj |
P1 that cau‘lﬁi tZZ",‘“s I the colg,  C1 |d e £ g ] e li‘ ‘L 223 )
Step 4 (49 soution TESE cont T
For 6CP P2

egal)



AHEAD - Operators Selection

Crossover
- GPX: 1 colorin P1for 1 colorin P2
- GPX-3: 3 colors in P1 for 1 color in P2
- GPX-9: 9 colors in P1 for 1 color in P2

GCP - Local Search WVCP - Local Search
- TabuCol : Hertz et Werra [1987] - RedLS : Wang et al. [2020]
- PartialCol : Blochliger et Zufferey [2008] - ILS-TS : Nogueira et al. [2021]
Criteria

- Same as for MCTS: Random, Deleter, Roulette, Pursuit, UCB, NN
- Reward : Score of the solution after the local search
- Choice of a pair of operators <crossover, local search>

- Exception : NN : Generate all crossovers and select the best one



AHEAD - - Comparison between methods

1 point/instance if the average is significantly better for the method on the line compared to the
one in the column (Wilcoxon signed-rank, p-value < 0.001)

& q?@ %’&% &

S T Y &8 s 2 X

GO F LSS YT | &S
/48 F P ¢ F TSTIFTT |¥ & &
MCTS+UCB = 25 15( 3 2010 O O O O O 20 19 15
RedLS 11 - 109 14]9 9 9 9 9 9 15 24 11
ILS-TS 10 | 27 - 8 19|13 6 5 4 1 3 23 25 21
HEAD+RedlS [ 16 [ 26 15| - 25[1 1 0 0 1 O 19 19 11
HEAD+ILS-TS | 5 | 20 6 5 = 0O 0 0 0O 0 O 18 19 13
Random 19 127 20110 25|- O O O O O 21 22 19
Roulette 17126 201 9 26|/0 - 0 O O O 22 22 17
Deleter 20126 19|, 9 263 0 - 0 0 O 24 28 19
UCB 20126 2009 261 1 0 - 0 O 23 23 19
Pursuit 19 126 23111 26|/1 0 O O - O 24 26 22
NN 2027 21|10 27/0 1 0 0 0 - 21 23 19




RedLS ILS-TS HEAD+RedLS AHEAD+Random AHEAD+Deleter
instance BKS

best mean time | best mean time | best mean time | best mean time | best mean time
€2000.5 2144 | 2131 2155.7 18367 | 2244 22644 6423 | 2244 22579 7453 | 2220 22368 12962 | 2218 22363 1782
€2000.9 5477 | 5439 5455.1 23137 | 5847 5910.1 23014 | 5732 57482 12980 | 5732 57839 12491 | 5717 57588 12327
DSJC1000.1 300 | 303 3069 5839 | 305 3062 5819 | 304 3056 7380 | 302 3038 9348 | 300 3022 12874
DSJC1000.5 1185 | 1190 12069 12204 | 1241 1267.7 21935 | 1225 12297 7011 | 1222 12282 5371 | 1224 12305 1476
DSJC1000.9 2836 | 2828 28418 22796 | 3004 30359 25345 | 2909 29265 820 | 2911 29287 12633 | 2907 29268 2379
DSJC500.1 184 | 187 194 702 | 185 1873 7107 | 186 1869 6594 | 185 1865 10290 | 184 1859 8022
DSJC500.5 685 | 707 7125 27147 | 711 7212 9150 | 709 7126 2534 | 706 7115 12516 | 709 7135 5838
DSJC500.9 1662 | 1667 1671 9925 | 1709 17253 24351 | 1680 16835 4053 | 1678 16842 12644 | 1676 1682.8 8149
DSJC250.1 127 | 129 1314 56 | 127 1271 11901 | 127 4516 | 127 3729 | 127 1272 3235
DSJC250.5 392 | 399 4008 2602 | 392 3939 10722 | 395 3962 8349 | 393 3952 9592 | 392 3966 6028
DSJC250.9 934* | 934 935 9679 | 934 9351 14740 | 934 9351 6741 | 934 9342 8097 | 934 935 5011
flat1000_50_0 924 | 1152 11657 6259 | 1213 1230.5 570 | 1181 1187.7 7544 | 1179 11863 4428 | 1180 11868 2952
flat1000_60_0 1162 | 1196 12048 1877 | 1247 12638 25765 | 1216 1227.2 10824 | 1213 12237 11726 | 1217 12245 9840
flatl000_76_0 1165 | 1163 11832 28084 | 1228 12422 16513 | 1192 1204 2214 | 1187 1203 10742 | 1196 1204 8938
latin_square_10 1480 | 1505 15153 14189 | 1555 1575 18924 | 1523 15325 11286 | 1510 15262 13987 | 1517 1527.8 8732
le450_15a 212 | 213 2154 54| 211 2136 11684 | 212 2128 6777 | 212 2128 8819 | 211 2124 10557
le450_15b 216 | 218 2199 41| 217 2171 10346 | 216 217 3204 | 216 2171 2736 | 215 2165 11124
le450_15¢ 275 | 282 2854 82| 279 2817 16288 | 277 2794 8360 | 277 2788 7220 | 278 2794 4788
le450_15d 272 | 277 2806  325| 275 2776 8456 | 274 2761 6004 | 274 2756 8759 | 273 2752 13299
1e450_25¢ 342 | 348 3528 583 | 348 3491 16413 | 347 3481 180 | 346 347.8 5652 | 346 348 588
le450_25d 330 335  339.4 232 337 3387 14212 333 3344 5904 333 3342 6282 333 3342 9648
queenl4_14 215 | 218 2238 568 | 215 2164 9862 | 216 2166 7956 | 215 2162 6384 | 214 2153 8624
wap01la 545 | 557 577 995 | 547 5501 20531 | 552 559.1 8178 | 549  553.6 14094 | 549  552.8 8874
wap02a 538 | 554 5721 16183 | 536 541 21912 | 550 5571 13884 | 541 5461 7654 | 541 5455 12994
wap03a 562 | 569 5755 17878 | 572 5755 22637 | 577 5797 6992 | 573 5763 8096 | 573 5759 2944
wap04a 563 | 567 5789 13939 | 567 570.5 7346 | 573 5756 3152 | 570 5732 1970 | 569 5725 13790
wap05a 541 | 542 5438 7719 | 542 5422 11809 | 542 5429 4471 | 542 543 12056 | 542 5432 2772
wap06a 516 | 519 5261 1575 | 516 519.5 6264 | 519 5207 12180 | 518 521 9100 | 520 5212 5978
wap07a 555 | 554 573 8460 | 565 569.2 16299 | 557 559.4 3360 | 558 559.8 12040 | 557 5592 12460
wap08a 529 | 536 5437 19557 | 543 5469 19271 | 539 5408 7452 | 539 5412 1800 | 538 540.1 10608

#BKS 15/48 23/48 19/48 21/48 24/48

#Best 24/48 25/48 19/48 22/48 28/48

#Best Avg 11/48 21/48 11/48 19/48 19/48




cumulative selections

cumulative selections

—— GPX75% + ILSTS
—— GPX75% + RedlS.
— GPX-90% + ILSTS
—— GPX-90% + RedLS.

DSJC1000.1 - AHEAD+Random DSJC1000.1 - AHEAD+Roulette DSJC1000.1 - AHEAD+Deleter DSJC1000.1 - AHEAD+UCB. DSJC1000.1 - AHEAD+Pursuit DSJC1000.1 - AHEAD+NN

GPX-50% + ILSTS

GPX50% + RedLS 4

—— GPX75% + ILSTS 80
—— GPX75% + RedlS
— GPX-90% + ILSTS
GPX-90% + RedLS

60

40

2

0

150 50 0 150
Iterations Iterations Iterations Iterations Iterations Iterations

No large differences in selections between the different crossovers.

Choice of the local search is more important.

DSJC1000.5 - AHEAD+Random DSJC1000.5 - AHEAD+Roulette DSJC1000.5 - AHEAD+Deleter DSJC1000.5 - AHEAD+UCB DSJC1000.5 - AHEAD-+Pursuit DSJC1000.5 - AHEAD+NN
200

GPX-50% + ILSTS
GPX-50% + RedLS.

00 150 50 100 50 100 50 100 50 100 50 100
Iterations Iterations terations Iterations Iterations Iterations




AHEAD - - Comparison between methods

1 point/instance if the average is significantly better for the method on the line compared to the
one in the column (Wilcoxon signed-rank, p-value < 0.001)

S s & Lo o <7
/31 T & F I FTEFITCS |[x » x»
PartialCol | - 2 3 211 2 1 2 2 2 5 8 11
TabuCol 14 = 11 212 1 0 2 0 1 8 14 7
HEAD+PC | 8 6 = 110 0 1 0 0 O 6 10 7
HEAD+TC | 18 12|20 - |4 2 1 2 2 2 7 17 15
Random |17 11|19 1|- 0 1 1 0 O 9 17 9
Roulette |17 11119 1|0 - O O O O 11 19 12
Deleter 19 15|20 5(8 3 - 5 1 1 13 24 20
UcCB 19 11120 1(1 O O - O O 10 18 10
Pursuit 19 13|20 3|5 2 0 1 - O 11 20 14
NN 19 12120 24 0 O O O - 12 23 16




AHEAD -

- Re

o, BKS PartialCol TabuCol HEAD+TC AHEAD+Random AHEAD+Deleter

best mean time | best mean time | best mean time | best mean time | best mean time
C€2000.5 145 | 164 1652 5313 | 162 162.8 4628 | 148 149.2 3330 | 150 150.7 3101 | 149 150.7 3152
C2000.9 408 | 420 4208 5171 | 411 4125 4786 | 405 406.4 2328 | 405 407.7 2956 | 404 405.6 2988
C4000.5 259 | 304 3056 6690 | 303 3042 5567 | 278 279.6 3580 | 280 2816 3651 | 279 280.8 3404
DSJC500.1 12 12 128 12 75 12 86 12 80 12 56
DS)C500.5 47 50 50.1 2227 49 460 48 819 48 1258 48 850
DS)C500.9 126 | 128 975 | 126 1263 2988 | 126 1027 | 126 1261 1379 | 126 632
DS)C1000.1 20 21 1 21 0 21 0 21 1 20 209 2391
DSJC1000.5 82 90 905 3516 88 1760 83 83.3 2290 83 835 2372 83 835 2511
DSJC1000.9 222 | 227 2284 3630 | 224 2249 3345 | 223 224 1616 | 223 2242 2734 | 223 223.8 1589
DSJR500.5 122* | 125 1262 1666 | 124 127 1155 | 123 124 1766 | 123 1242 2245 | 123 1238 2289
flat300_28_0 28* 28 896 28 29.5 3220 30 308 1916 28 285 702 28 30.4 5
flat1000_50_0 50* 50 4 50 69 50 28 50 8 50 8
flat1000_60_0 60* 60 213 60 233 60 54 60 28 60 29
flat1000_76_0 76* 89 89.1 2845 86 87 3096 82 823 1905 82 82.8 2775 82 82.8 1969
latin_square_10 97 | 107 1102 4875 | 100 100.8 4377 | 102 1037 93 | 103 103.8 1996 99 100.7 1729
le450_25¢ 25*% 27 69 26 0 26 0 25 259 1407 25 253 1022
le450_25d 25* 27 50 26 0 26 0 26 0 25 253 1537
r250.5 65* 67 134 66 67.2 462 65 66 3378 65 66 1638 66 549
r1000.1c 98 | 141 149.1 61 | 134 1552 77 | 100 1016 264 | 100 101.6 1674 | 100 1016 1621
r1000.5 234 | 247 2481 5638 | 244 2456 3622 | 246 247.6 1479 | 246 2474 2134 | 245 2455 2009
wap0la 41* 42 1088 42 43 2160 42 137 42 143 41 42 1958
wap02a 40* 41 417 4275 40 411 6499 41 15 41 15 40 40.8 1634
wap03a 43 Lb 91 4b 459 4342 45 261 45 87 43 443 2387
wap04a 41 43 61 42 431 4869 43 880 43 1186 43 293
wap06a 40* 41 98 40 413 4248 40 909 40 40.8 1549 40 246
wap07a 41 4b 41 41 423 5046 42 421 1771 42 43 2526 42 421 494
wap08a 40* 43 432 2750 41 415 2967 42 48 42 365 41 419 2146

#BKS 5/31 8/31 7/31 9/31 13/31

HBest 8/31 14/31 17/31 17/31 24/31

#Best Avg 11/31 7/31 15/31 9/31 20/31




AHEAD -

cumulative selections

cumulative selections
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€2000.5 - AHEAD+Random €2000.5 - AHEAD+Roulette €2000.5 - AHEAD +Deleter €2000.5 - AHEAD+UCB €2000.5 - AHEAD+Pursuit €2000.5 - AHEAD+NN
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AHEAD - Conclusion

GCP
- HEAD + LS improve LS results
- AHEAD better than HEAD but HEAD+TabuCol often very good
- New best score on C2000.9 (Success: 404 Found)

WVCP
- HEAD + LS improve RedLS but not ILS-TS, better results with AHEAD
- RedLS stay better on 9 instances and ILS-TS on less than 6 (/48)
- New best scores on le450_15a/b (211/215) and queent14_14 (214)

Hyperheuristics
- Conservative crossover preferred
- Local Search choice more important
- Best criteria are Deleter and Pursuit, no changes of choice during search



DLMCOL




DLMCOL - Deep Learning Guided Memetic framework

[ o 2[:5 o DLMcOL
- 20 480 individuals ? ? # @ # AERic
- Random initialization
- Local Search: T Sem‘“
- TabuCol for GCP
- AFISA for WVCP ‘ é] ‘
- Approximate Distance Porumbel et al. [2011] fmuel bst;v:é, computmonj\
- Elitist insertion with distance Goudet et al. [2021] 1T 1 T 1
- NN selects best crossovers among 16 or 32 Seauertial sertion in pop
Conclusion
- Requires a lot of resources %;w —
- New best scores for WVCP [ Moctehing o;\ﬁucrossovers
I




DLMCOL - Parameter settings

Table 3: Parameter setting in DLMCOL

Parameter Description Value

p Population size 20480 (8192)
maxLSiters  Number of iterations local search 10

nblterrs Number of iterations tabu search 10 x |V|

a Tabu tenure parameter 0.2

MS Minimum spacing between two individuals %‘

lr Learning rate of the neural network 0.001

N Number of epochs of the training 20

K Number of considered neighbors for crossover selection 32

Neural network architecture : 9 hidden layers of size 10|V, 5|V|, 2|V|, 2|V|, 2|V|, 2|V, 2|V,
|V| and |V|//2.



DLMCOL - New Best Scores for

Instance V| previous sCorepest New SCOrepest Improvement  Time (s)
DS)C500.1 500 186 184 2 23049
DSJC500.5 500 707 685 -22 47064
DSJC500.9 500 1667 1662 =5 121518
DJSC1000.5 1000 1220 1185 =35

flat1000_50_0 1000 1184 924 -260 82068
queenl4_14 196 216 215 =l 16621
flat1000_60_0 1000 1220 1162 -58

flat1000_76.0 1000 1200 1165 -35

queenl4_14 196 216 215 =il 16621
queenl5_15 225 224 223 =il 16621
queenl6_16 256 238 234 -4 14751
latin_square_10 900 1542 1480 -62 149656
le450_15¢ 450 277 275 =2 43854
le450_15d 450 274 272 =2 22917
le450_25c¢ 450 349 342 =7 57924

le450_25d 450 339 330 -9 45128




DLMCOL - Learning vs Random crossover choice

DSJC500.1.col

le450_25c.col

DSJC500.5.col
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DLMCOL - Predicted vs Actual Score (DSJC500.5.col)

Generation 1 Generation 16
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DLMCOL - Predicted vs Actual Score (wap05a)

Generation 1 Generation 16
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TabuEdges




TabuEdges - Algorithm

- Color removing

- Fusion: merge two colors
— - Divide: separate to multiple colors

legal random
initialization

stop yes return - Tabu Management
condition 7 best solution . Tabu L|st
e - Tabu Matrix

- Configuration Checking

= update - Neighborhood Exploration (one-move)

best solution

is solution
(egal ?

- TabuCol
\l/ no ¢ ° TabUEdge
reset tabu - TabuDouble
v - Guided Component

- Increment weight/penality of edges in conflict
- Use weight as delta penalty when searching moves

remove a color




TabuEdges -Color Removing

To decrease the number of colors when a legal solution is found

- Fusion: merge two colors groups

- Divide: separate vertices from a color group to multiple color groups

Low impact on the search



TabuEdges -Tabu Strategy

Different solutions exists to manage the tabu aspect.
Let’s consider the vertex v that move from the color ¢ to another color
[V|: number of vertices in the graph

|C|: number of conflicts in the solution

- Tabu List: size |V| - Hertz et Werra [1987]
tabulv] = turn 4+ random(0,10) + « * |C|

- Tabu Matrix: size |V| * Rnax - Moalic et Gondran [2018]
tabulv][c] = turn + random(0,10) + «a * |C|

- Configuration Checking: size |V| - Cai et al. [2011]
tabulv] = true
tabu[n] = false, Vn € neighbors(v)



TabuEdges - Neighborhood Exploration and Guided Component

Neighborhood: 1-opt / one-move : one vertex move to another color
Neighborhood Selection Strategy:

1. TabuCol, Hertz et Werra [1987]

- select the best non tabu move (can degrade the solution)

- aspiration critera to accept a tabu move that lead to a better solution
2. TabuEdges

1. apply a non tabu and non degrading move

2. if no move is found, penalize conflicting edges*

3. then move a random vertex in conflict in the least degrading way
3. TabuDouble

- alternate TabuEdges and TabuCol strategies

*Guided Component, Wang et al. [2020]:

- Increment weight (penality) of the edges in conflict
- Use the weight to compute penalty and delta while searching moves



TabuEdges - Comparison between Tabu and Neighborhood Strategies

20 runs of 1h, 31 hardest GCP instances

Compare with Wilcoxon signed-rank, p-value < 0.001

- TabuCol's best tabu strategy is the Tabu Matrix
- TabuEdges's best tabu strategies are:

- Tabu List (2 new best scores)
- Tabu Matrix (1 new best score)

- TabuEdges better than TabuCol on more instances (12 againt 8) and reach more best
scores

- TabuDouble (alternate between the two):
better than TabuCol but not TabuEdges



TabuEdges - Comparison with State of the Art

k-TabuCol, k-HEAD and k-AHEAD solve k-coloring (1h max to solve 1 color)

/31 instances ‘ # BKS  # Best Score  # Best Mean
TabuCol TL 4 7 5
TabuCol ™™ 5 8 6
TabuCol CC 0 0 0
TabuEdge TL 14(2) 17 15
TabuEdge TM 15(1) 18 11
TabuEdge CC 14 15 12

TabuDouble TL 14 15 10

TabuDouble TM 13 14 10

k-TabuCol 8 7
k-HEAD 7 17 14
k-AHEAD 11 19 12

TL : TabulList, TM : TabuMatrix, CC: Configuration Checking, BKS : Best Known Score



TabuEdges - Comparison between Tabu and Neighborhood Strategies

1 point/instance if the average is significantly better for the method on the line compared to the
one in the column (Wilcoxon signed-rank, p-value < 0.001)

@ <

I 2 I
O O O S O o I IR,
TCL - 3 21|5 6 7|5 6 4 15 9
MM |15 - 318 8 96 9 5 16 14
TCCC | O 0 -0 0 0|0 O 0 0 0
TEL |14 13 31|- 0 7|7 5 14(2) 21 19
TEM | 14 12 312 - 7|6 3 15(1) 22 14
TECC |13 11 31 |1 1 - |4 1 14 19 14
L |12 11 312 2 7 |- 2 14 20 13
™M |13 11 3111 1 4|3 - 13 19 13

TC: TabuCol, TE : TabuEdges, TD : TabuDouble, L : TabuList, M : TabuMatrix
CC: Configuration Checking, BKS : Best Known Score



TabuEdges - Comparison with State of the Art

1 point/instance if the average is significantly better for the method on the line compared to the
one in the column (Wilcoxon signed-rank, p-value < 0.001)

N @ <
31 | & KL &I Y % SN
TCM - 8 8 6 0 1 0 5 8 6
TE L 13 - 0 7 11 11 10 14(2) 17 15
TEM 12 2 - 6 |11 11 10 15(1) 18 11
TD 11 2 2 11 11 10 14 15 10
k-TC 10 8 8 10 = 1 0 5 8 Vi
k-HEAD 15 8 8 9 12 = 1 Vi 17 14
k-AHEAD | 18 9 9 10 | 14 1 = 11 19 12

TC: TabuCol, TE : TabuEdges, TD : TabuDouble, L : TabuList, M : TabuMatrix
CC: Configuration Checking, k- : solve k-coloring problem, (GCP otherwise)



TabuEdges - Results - State of the Art

‘ TabuCol TM ‘ TabuEdge TL ‘ TabuEdge TM ‘ TabuDouble TL ‘ k-TabuCol k-HEAD k-AHEAD

instance BKS

best time | best time | best time | best time best time | best time | best time
€2000.5 145 | 164 2445 | 166 3290 | 166 3167 | 165 663 162 2564 3300 | 151 3273
€2000.9 404 | 413 3491 | 423 3418 | 421 3184 | 422 1525 412 2225 2527 | 406 3139
C4000.5 259 | 306 2821 | 319 3410 | 317 3499 | 307 540 304 2332 3492 | 284 3156
DSJC500.1 12 12 813 13 0 13 0 12 1449 12 58 107 12 103
DSJC500.5 47 49 239 50 430 50 751 49 2594 49 573 48 1239 | 48 1663
DSJC500.9 126 | 126 1033 | 127 149 | 126 819 | 127 2249 | 126 1975 | 126 1188 | 126 530
DS)C1000.1 20 21 2 21 193 21 366 21 16 21 1 20 2496
DSJC1000.5 82 | 88 2919 | 90 1362 | 90 2318 | 90 1315 88 2811 | 83 2793
DSJC1000.9 222 | 224 1870 | 224 1894 | 223 2945 | 227 409 224 2272 | 223 3079
flat300_28_0 28* | 28 1608 | 28 2099 | 28 2584 | 28 620 30 1605 | 30 1228
flat1000_50_0 50* 50 920 50 16 50 25 50 15 50 69 50 18

flat1000_60_0 60* 60 2845 60 1403 60 1327 60 1468 60
flat1000_76_0 76* | 87 1994 | 89 2229 | 89 1728 | 89 1413 86
latin_square_10 97 101 2692 | 101 1014 | 101 1238 | 101 3213 100

le450_25¢ 25* 26 0 26 0 26 0 26 0 26 0 25 1328
le450_25d 25% | 26 0 26 0 26 0 26 0 26 0 25 1655
DSJR500.5 122% | 125 842 122 1 122 0 122 1 126 1869 | 124 1498
r250.5 65* | 66 1095 | 65 0 65 0 65 0 67 2816 | 65 1556
r1000.1c 98 115 254 98 21 98 9 98 24 128 2306 | 101 1699
r1000.5 234 | 245 2383 | 234 49 234 41 234 bty 245 2545 | 244 1862
wap0la 41* 42 62 41 7 41 4 41 7 42 219 41 2774
wap02a 40* 41 1462 40 7 40 4 40 7 41 26 40 2844
wap03a 43 47 2380 | & 2143 | 42 2811 | 43 220 45 510 | 44 2008
wap04a 41 43 2036 | 41 2235 41 1486 42 138 42 1736 | 43 612
wap06a 40* | 41 778 | 40 1 40 0 40 0 40 1103 | 40 558
wap07a 41 42 1634 40 1296 41 19 41 27 42 1667 42 968
wap08a 40* | 41 1046 | 40 130 40 150 40 68 41 107 | 41 1568
#BKS 5 14 15 14 5 7 11
#Best 8 17 18 15 8 17 19

#Best Avg 6 15 11 10 7 14 12



TabuEdges - Results -

‘ TabuCol TM ‘ TabuEdge TL ‘ TabuEdge TM ‘ TabuDouble TL | k-TabuCol k-HEAD k-AHEAD
instance BKS
best time | best time | best time | best time best time | best time | best time
€2000.5 145 164 2445 | 166 3290 | 166 3167 165 663 162 2564 3300 | 151 3273
€2000.9 404 413 3491 | 423 3418 | 421 3184 422 1525 412 2225 2527 3139
C4000.5 259 306 2821 | 319 3410 | 317 3499 307 540 304 2332 3492 | 284 3156
DSJC500.1 12 12 813 13 0 13 0 12 1449 12 58 12 107 12 103
DSJC500.5 47 49 239 50 430 50 751 49 2594 49 573 1239 1663
DSJC500.9 126 126 1033 | 127 149 | 126 819 127 2249 126 1975 | 126 1188 | 126 530
DS)C1000.1 20 21 2 21 193 21 366 21 16 21 0 21 1 20 2496
DSJC1000.5 82 88 2919 | 90 1362 | 90 2318 90 1315 88 1544 2811 2793
DSJC1000.9 222 224 1870 | 224 1894 2945 227 409 224 3296 2272 3079
flat300_28_0 28* 28 1608 | 28 2099 | 28 2584 28 620 30 1765 | 30 1605 | 30 1228
flat1000_50_0 50* 50 920 50 16 50 25 50 15 50 27 50 69 50 18
flat1000_60_0 60* 60 2845 | 60 1403 | 60 1327 60 1468 60 41 60 112 60 57
flat1000_76_0 76* 87 1994 | 89 2229 | 89 1728 89 1413 86 2678 3064 | 83 2280
latin_square_10 97 101 2692 | 101 1014 | 101 1238 101 3213 100 1014 | 101 2591 2859
le450_25¢ 25* 26 0 26 0 26 0 26 0 26 0 26 0 25 1328
le450_25d 25* 26 0 26 0 26 0 26 0 26 0 26 0 25 1655
DSJR500.5 122% 125 842 | 122 1 122 0 122 1 126 231 | 124 1869 | 124 1498
r250.5 65* 66 1095 | 65 0 65 0 65 0 67 129 65 2816 | 65 1556
r1000.1c 98 115 254 | 98 21 98 9 98 24 133 0 | 100 2306 | 101 1699
r1000.5 234 245 2383 | 234 49 234 41 234 4by 245 1387 | 246 2545 | 244 1862
wap0la 41* 42 62 41 7 41 4 41 7 42 1069 | 42 219 41 2774
wap02a 40* 41 1462 | 40 7 40 4 40 7 41 231 | 41 26 | 40 2844
wap03a 43 47 2380 2143 2811 43 220 45 332 45 510 44 2008
wap04a 41 43 2036 | 41 2235 | 41 1486 42 138 42 755 | 43 1736 | 43 612
wap06a 40* 41 778 40 1 40 0 40 0 40 1616 | 40 1103 | 40 558
wap07a 41 42 1634 1296 | 41 19 41 27 42 442 | 42 1667 | 42 968
wap08a 40* 41 1046 | 40 130 40 150 40 68 41 915 42 107 41 1568
H#BKS 5 14 15 14 5 7 11
#Best 8 17 18 15 8 17 19
#Best Avg 6 15 11 10 7 14 12




TabuEdges - Degree

link DSJR500.5 link DSJC500.5

3D Surface Plot of Weights Matrix - DSJR500.5 3D Surface Plot of Weights Matrix - DSJC500.5



https://cyril-grelier.github.io/assets/html/weights_DSJR500.5.html
https://cyril-grelier.github.io/assets/html/weights_DSJC500.5.html

TabuEdges - Conclusion

Cons
- Pretty bad results on graphs with homogeneous degree

- Doesn’t work well on k-coloring

Pros
- Quite fast and very efficient on graphs with heterogeneous degree

- Works well on GCP

Other

- 2 new best scores (wap03a, wap07a)

- Optimal score for wap07a thanks to lower bound from Heule et al. [2022]



TabuEdges - What's next?

Elements to explore
- Reduce weights or reset weights
- Guided Memetic Algorithm
- aspiration criteria for the weighted moves
- other tabu strategies
- impact of a swap move

- go toward an iterated local search framework where the weights on edges are used
only during a perturbation phase
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