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Studied Problems



- Graph Coloring Problem

Graph Coloring
Objective: find a legal color that minimizes the number of colors

Score :

= Number of colors k (legal)
= Number of conflicts |C| (illegal)
= Number of uncolored vertices |U| (partially legal)

NP-Hard problem

Applications :

= Scheduling problems

= Register allocation
= Sudoku
\/ legal coloring X Unsatisfied constraints
with 3 colors

| I 2 conflicts
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- Weighted Vertex Coloring Problem

Weighted Vertex Coloring

Objective: find a legal coloring that minimizes
the sum of the weights of the heaviest vertices

in each colcir

Score: 2. max,cy.w (v )
i=1

NP-Hard problem

Applications :

= Traffic management in satellite [

communications w
= Matrix decomposition problem

= Scheduling batch job in parallel L
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- Scheduling Parallel Batch Job

¥ Jobs
-9 3 Resources
J2 - 8s
I3 - ¥s
J4 - 6s
J5 - 55
J6 - 55
J? - 45
J% - 2s

1 - Prepare the ;\ohs na
bipartite graph (obs - resources)

2 - Projection of the bipartite groaph
onto the resources to
obtain o common needs groph

3 - Use the time of each task
as o weight for each vertex

optimal score =4+ 5+ 6+2= 25

4 - Solve the problem by minmizing
the sum of the maximum weights
of each color

4 Batehs

€ Tobs

3 Ressources

JI¢ - 2s

5 - Prepare the batches according to the color of each job
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State of the Art



- State of the Art

= Local Search:
= TabuCol Hertz et Werra [1987] : illegal, one-move

= PartialCol Blochliger et Zufferey [2008] : partial legal, grenade
= ILS Chiarandini et Stiitzle [2002] : perturbations, acceptance criteria

= Memetic Algorithms :
= HEA Galinier et Hao [1999] : GPX, TabuCol
= Evo-Div Porumbel et al. [2010] : multi-parents crossover, distances
= MACOL Li et Hao [2010] : multi-parents crossover, distances
= HEAD Moalic et Gondran [2018] : 2 individuals, GPX, TabuCol
= DLMCOL Goudet et al. [2022] : 420 000, NN select crossover
= AHEAD Grelier et al. [2024] : Adaptive HEAD

= Learning :
= PLSCOL Zhou et al. [2018] : local search, reinforcement learning

= TensCol Goudet et al. [2021] : tensor, gradient descent
= NRPA Cazenave et al. [2021] : MCTS, sequence, gradient descent
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- State of the Art

= Learning :
= MCTS + Local Search Grelier et al. [2022] LS as simulation
= MCTS + Hyperheuristics Grelier et al. [2023] : select LS

= Memetic Algorithms :
= DLMCOL Goudet et al. [2022] : +20000, NN select crossover
= AHEAD Grelier et al. [2024] : Adaptive HEAD

= Local Search :

= AFISA Sun et al. [2018] : illegal, one-move, adaptive coefficient

= RedLS Wang et al. [2020] : illegal, weighted edges, perturbations
= ILS-TS Nogueira et al. [2021] : p-legal, 6 neighbors, perturbations
= TabuWeight Grelier et al. [2022] : legal, one-move

= Exact Methods :

= 2-Phase Malaguti et al. [2009] : column generation, ILP
= MWSS Cornaz et al. [2017] : MIP, max weight stable set problem
= CP Goudet et al. [2023] : 3 CP models, reduction
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Memetic Algorithm — AHEAD



HEAD - Hybrid Evolutionary Algorithm in Duet
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Moalic et Gondran [2018] — Variations on memetic algorithms for graph

coloring problems

Why HEAD?

= One of the best algorithm for GCP

= Simple and efficient

How?
= 2 individuals
= GPX

= TabuCol
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Why AHEAD? How?
= Attempt to improve HEAD = Hyperheuristics
= Adapt to the instance = Multiple crossover

= Multiple local search
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GPX - Galinier et Hao [1999]

GPX crossover - Greedy Partition Crossover

step P1 rabcyldefm /d—’]e{g hzjﬁ
P2 ‘ra—bd‘el“ fgj [Lcm T

delete {d, e, £, g} from parents groups

P1 abc\}j ‘hijd PR
Step 2 m‘:—;[ a EEELC“%;“]

j chik
— |

delete {a , b} from parents groups

P1 add ync, , N
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AHEAD - Operators

Crossover
= GPX : 1 color in P1 for 1 color in P2
= GPX-3: 3 colors in P1 for 1 color in P2
= GPX-9 : 9 colors in P1 for 1 color in P2

GCP - Local Search

= TabuCol : Hertz et Werra [1987]
= PartialCol : Blochliger et Zufferey [2008]

WVCP - Local Search
= RedLS : Wang et al. [2020]
= ILS-TS : Nogueira et al. [2021]
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AHEAD - Hyperheuristics

Why?
= Diversification during the search
= No best operator on all instances

= Adapt to the instance

How?
= Selection criteria : Learn to select the best operator
= Reward : Score of the solution after the localsearch
= Selection : pair <crossover, localsearch>

= Exception : NN : Generate all crossovers and select the best one
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Hyperheuristics - Criteria

Selection criteria

= Random Uniform random choice
= Deleter Delete the least performing operators (o)
= Roulette Goéffon et al. [2016] Random selection weighted by rewards (r )

r [d]

S,

prOba[O] = Pmin + (1 - |O| * pmin) *

= Pursuit Goéffon et al. [2016] Selection in favor of the best operator (b)

probalb] = proba[b] + B(p_max — proba[b])
probalo] = probalo] + B(p_min — probalo])

= UCB : Focusing on the best while encouraging exploration

score[o]=r[o]+c %ZS‘EZTHS)

= NN : Recommendation of a neural network on a raw solution with Deep Sets
(Zaheer et al. [2017]) 11/19



Neural Network - NN - Deep sets

Invariant color lw/e,r

Neural Network
€ vertices g input size
01010010 %
A

INPUT

Invariant color lou./er* 1
input size : nb colors * nb vertices

output size : nb colors * size layer 1 nput size
Le_akt/ Relt: linear 1 linear 2
Invariant color lou./er‘ 2
input size : nb colors * size layer 1 N :«/5‘/ 7 Z
output size : nb colors * size layer 2 ‘ ‘,‘
Leaky Relu 0000 0000
Invariant color lager 3 Tot size output size Leoky Relu
input size : nb colors * size layer 2
output size : nb colors * nb operators
\ 4 mean +
4 operators a
g (s output size

[165 163 170 166

Estimated score

g’ Y9999
* Lrvrvy]
Jrrrm

‘ B
YYY9Y| 12/19

ouUTP

OUTPUT




Results




- Comparison between methods

1 point/instance if the average is significantly better for the method on the line
compared to the one in the column (Wilcoxon signed-rank, p-value < 0.001)
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HEAD+RedlS |16 [26 15| - 25[1 1 0 0 1 O 19 19 11
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Roulette 1726 20| 9 26|(0 - 0 0 0 O 2 22 17
Deleter 2026 19| 9 26(3 0 - 0 0 0 24 28 19
UCB 20(26 20/ 9 26(1 1 0 0 0 23 23 19
Pursuit 1926 23|11 261 0 0 0O 0 24 26 22
NN 20(27 2110 27/0 1 0 0 0 - 21 23
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N o RedLS ILS-TS HEAD+RedLS AHEAD--Random AHEAD-Deleter

best mean time | best mean time | best mean time | best mean time | best mean time
€2000.5 2144 | 2131 2155.7 18367 | 2244 2264.4 6423 | 2244 2257.9 7453 | 2220 2236.8 12962 | 2218 2236.3 1782
€2000.9 5477 | 5439 5455.1 23137 | 5847 5910.1 23014 | 5732 5748.2 12080 | 5732 5783.9 12491 | 5717 5758.8 12327
DSJC1000.1 300 | 303 3069 5839 | 305 3062 5819 | 304 3056 7380 | 302 303.8 9348 | 300 302.2 12874
DSJC1000.5 1185 | 1190 1206.9 12204 | 1241 1267.7 21935 | 1225 1229.7 7011 | 1222 12282 5371 | 1224 12305 1476
DSJC1000.0 2836 | 2828 2841.8 22796 | 3004 3035.9 25345 | 2909 2926.5 820 | 2011 2028.7 12633 | 2907 2926.8 2379
DSJC500.1 184 | 187 194 702| 185 187.3 7107 | 186 1869 6594 | 185 186.5 10200 | 184 1859 8022
DSJC500.5 685 | 707 7125 27147 | 711 7212 9150 | 709 7126 2534 | 706 711.5 12516| 709 7135 5838
DSJC500.9 1662 | 1667 1671 9925 | 1709 17253 24351 | 1680 1683.5 4053 | 1678 1684.2 12644 | 1676 1682.8 8149
DSJC250.1 127 129 1314 56 | 127 127.1 11901 | 127 4516 | 127 3729 | 127 1272 3235
DSJC250.5 392| 399 4008 2602 | 392 393.9 10722 | 395 3962 8349 | 393 3952 9502 | 392 396.6 6028
DSJC250.9  934* | 934 935 9679 | 934 9351 14740 | 934 9351 6741 | 934 9342 8097 | 934 935 5011
flatl000_50_0 924 | 1152 1165.7 6259 | 1213 1230.5 570 | 1181 1187.7 7544 | 1179 1186.3 4428 | 1180 1186.8 2952
flatl000_60_0 1162 | 1196 1204.8 1877 | 1247 1263.8 25765 | 1216 1227.2 10824 | 1213 12237 11726 | 1217 12245 9840
flatl000_76_0 1165 | 1163 1183.2 28084 | 1228 1242.2 16513 | 1102 1204 2214 | 1187 1203 10742 | 1196 1204 8938
latin_square_10 1480 | 1505 1515.3 14189 | 1555 1575 18924 | 1523 15325 11286 | 1510 1526.2 13087 | 1517 1527.8 8732
1e450_15a 212| 213 2154 54 | 211 2136 11684 | 212 2128 6777 | 212 2128 8819 | 211 2124 10557
1e450_15b 216 | 218  219.9 41| 217 2171 10346 | 216 217 3204 | 216 217.1 2736 | 215 216.5 11124
le450_15¢ 275 | 282 285.4 82| 279 2817 16288 | 277 2794 8360 | 277 278.8 7220 | 278 279.4 4788
le450_15d 272 | 277 2806  325| 275 277.6 8456 | 274 2761 6004 | 274 2756 8759 | 273 2752 13299
1e450_25a 306 | 306 306.6 2881 | 306 142 | 306 161 | 306 169 | 306 131
le450_25b  307* | 307  307.6 95 | 307 23| 307 53 | 307 28| 307 19
e450_25¢ 342 | 348 3528 583 | 348 340.1 16413 | 347 3481 180 | 346 347.8 5652 | 346 348 588
le450_25d 330 | 335 3304 232| 337 3387 14212 | 333 3344 5904 | 333 3342 6282 | 333 3342 0648
queenld_14  215| 218 2238 568 | 215 2164 9862 | 216 216.6 7956 | 215 2162 6384 | 214 2153 8624
wap0la 545 | 557 577 995 | 547 550.1 20531 | 552 550.1 8178 | 549 553.6 14094 | 549 552.8 8874
wap02a 538 | 554 5721 16183 | 536 541 21912 | 550 557.1 13884 | 541 5461 7654 | 541 5455 12094
wap03a 562 | 569 5755 17878 | 572 575.5 22637 | 577 579.7 6992 | 573 5763 8096 | 573 575.9 2044
wap04a 563 | 567  578.9 13939 | 567 570.5 7346 | 573 5756 3152 | 570 5732 1970 | 569 5725 13790
wap05a 541| 542 5438 7719 | 542 5422 11809 | 542 5429 4471 | 542 543 12056 | 542 5432 2772
wap06a 516 | 519 5261 1575| 516 5195 6264 | 519 5207 12180 518 521 9100 | 520 5212 5978
wap07a 555 | 554 573 8460 | 565 569.2 16209 | 557 559.4 3360 | 558 559.8 12040 | 557 559.2 12460
wap08a 520 | 536 5437 19557 | 543 5469 10271 | 530 5408 7452 | 539 5412 1800 | 538 540.1 10608

#BKS 15/48 23/48 19/48 21/48 24/48

#Best 24/48 25/48 19/48 22/48 28/48

#Best Avg 11/48 21/48 11/48 19/48 19/48
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- Selections

DS/C1000.1 - DS/C1000.1 - DS|C1000.1 - DSIC1000.1 - AHEAD+UCB DS|C1000.1 - AHEAD +Pursuit DSJC1000.1 - AHEAD+NN
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GPX50% + RedLS

20

.
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No large differences in selections between the different crossovers. LS-TS

_ _ _ RedLS
Choice of the local search is more important.
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terations terations terations terations Iterations terations
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- Comparison between methods

1 point/instance if the average is significantly better for the method on the line
compared to the one in the column (Wilcoxon signed-rank, p-value < 0.001)

o O K2
S5 X Loy N
~N 5 ' B (%) * X
B | @R FICSIITTS [ x % %
PartialCol - 2 3 21 2 1 2 2 2 5 8 11
TabuCol (14 - |11 22 1 0 2 0 1 8 14 7
HEAD+PC | 8 6 - 1|0 0 1 0 0 O 6 10 7
HEAD+TC| 18 12 (20 -4 2 1 2 2 2 7 17 15
Random 17 1119 1|- 0 1 1 0 O 9 17 9
Roulette 17 11 (19 1|0 - 0 0O 0 O 11 19 12
Deleter 19 1520 5|8 3 - 5 1 1 13 24 20
UCB 19 11120 1|1 0 O 0 0 10 18 10
Pursuit 19 13120 3|5 2 0 1 0 11 20 14
NN 19 1220 2|4 0 0 0 O - 12 23 16
16/19
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- Comparison between methods

1 point/instance if the average is significantly better for the method on the line
compared to the one in the column (Wilcoxon signed-rank, p-value < 0.001)

o O Ry
S5 X Loy N
~N 5 ' B (%) * X
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- Comparison between methods
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compared to the one in the column (Wilcoxon signed-rank, p-value < 0.001)

G O &
S 3 2 Lo N
~N 5 ' B (%) * X
pr | R IEEIITS | % % %
PartialCol | - 2 [3 2|1 2 1 2 2 2 5 8 11
TabuCol [14 - [11 2|2 1 0 2 0 1 8 14 7
HEAD+PC| 8 6 |- 1[0 0 1 0 0 O 6 10 7
HEAD+TC |18 1220 - |4 2 1 2 2 2 7 17 15
Random 17 1119 1|- 0 1 1 0 O 9 17 9
Roulette 17 11|19 1|0 - 0 0O 0 O 11 19 12
| Deleter |19 15[/20 58 3 - 5 1 1 13 24 20 |
UCB 19 1120 11 0 0 0 0 10 18 10
Pursuit 19 13120 3|5 2 0 1 0 11 20 14
NN 19 1220 2[4 0 0 0 0 - 12 23 16
16/19

PC = PartialCol — TC = TabuCol



instance . PartialCol TabuCol HEAD+TC AHEAD+Random | AHEAD-Deleter
best mean time | best mean time | best mean time | best mean time | best mean time
€2000.5 145 | 164 1652 5313 | 162 1628 4628 | 148 149.2 3330 | 150 150.7 3101 | 149 1507 3152
€2000.9 408 | 420 4208 5171 | 411 4125 4786 | 405 4064 2328 | 405 407.7 2056 | 404 405.6 2988
€4000.5 250 | 304 3056 6690 | 303 3042 5567 | 278 279.6 3580 | 280 281.6 3651 | 279 280.8 3404
DSJC500.1 2] 12 128 12 75| 12 86| 12 80| 12 56
DSJC500.5 47| 50 501 2227 | 49 460 | 48 819 | 48 1258 | 48 850
DSJC5009 126 | 128 975 | 126 126.3 2088 | 126 1027 | 126 1261 1379 | 126 632
DSJC1000.1 20| 21 1| 21 0| 21 o| 21 1] 20 209 2301
DSJC1000.5 82| 90 905 3516| 88 1760 | 83 83.3 2200 | 83 835 2372 83 835 2511
DSJC1000.0 222 | 227 228.4 3630 | 224 2249 3345 | 223 224 1616 | 223 2242 2734 | 223 223.8 1589
DSJR500.5 122 | 125 1262 1666 | 124 127 1155 | 123 124 1766 | 123 1242 2245 | 123 123.8 2289
flat300_28_0  28* | 28 896 | 28 295 3220 | 30 308 1016| 28 285 702| 28 304 5
flatl000_50_0  50* | 50 44| 50 60 | 50 28| 50 8| 50 8
flatl000_60_0  60* | 60 213 | 60 233 | 60 54| 60 28| 60 29
flatl000_76_0 76* | 89 891 2845| 86 87 3096 | 82 823 1905| 82 828 2775| 82 828 1069
latin_square_10 97 | 107 110.2 4875| 100 100.8 4377 | 102 1037 903 | 103 103.8 1996 | 99 100.7 1729
1e450_25¢ 25% | 27 69| 26 0| 26 0| 25 250 1407| 25 253 1022
1450_25d 5% | 27 50| 26 0| 26 0| 26 0| 25 253 1537
1250.5 65% | 67 134| 66 672 462 | 65 66 3378| 65 66 1638 | 66 549
r1000.1c 08| 141 1491 61| 134 1552 77| 100 101.6 264 | 100 101.6 1674 | 100 101.6 1621
r1000.5 234 | 247 2481 5638 | 244 2456 3622 | 246 247.6 1479 | 246 247.4 2134 | 245 245.5 2000
wap0la a1+ | a2 1088 | 42 43 2160 | 42 137 | 42 143 | 41 42 1958
wap02a 40% | 41 417 4275| 40 411 6499 | 41 15| 41 15| 40 408 1634
wap03a 43| 44 91| 44 459 4342 45 261 | 45 87 | 43 443 2387
wap04da 4| 43 61| 42 431 4860 | 43 880 | 43 1186 | 43 203
wap06a 40% | M@ 98| 40 413 4248 | 40 909 | 40 408 1549 | 40 246
wap07a 41| 44 41| 41 423 5046 | 42 421 1771| 42 43 2526 | 42 421 494
wap08a 40% | 43 432 2750 | 41 415 2067 | 42 48| 42 365 | 41 419 2146
#BKS 5/31 8/31 7/31 9/31 13/31
#Best 8/31 14/31 17/31 17/31 24/31
#Best Avg 11/31 7/31 15/31 9/31 20/31
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- Selections
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Conclusion




AHEAD - Conclusion

GCP - Conclusion
= HEAD + LS improves LS results
= AHEAD better than HEAD but HEAD-+TabuCol often very good
= New best score on C2000.9 (Success :404 Found)

WVCP - Conclusion
= HEAD + LS improves RedLS but not ILS-TS
= RedLS stay better on 9 instances and ILS-TS on less than 6 (/48)
= New scores : 1e450_15a (211), le450_15b (215), queenl4_14 (214)

To summarize
= No large differences in selections
= Local Search choice more important
= Deleter and Pursuit get the best results
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Thank you for your attention !

Questions ?

Source code, results tables, articles :

x +v

https://cyril-grelier.github.io/

Cyril Grelier - Olivier Goudet - Jin-Kao Hao — A memetic algorithm with adaptive operator selection for graph coloring — EVOCOP 2024



Bibliographie i

References

Ivo Bléchliger and Nicolas Zufferey. A graph coloring heuristic using partial solutions and a reactive tabu scheme. Computers &
Operations Research, 35(3):960-975, 2008.

Tristan Cazenave, Benjamin Negrevergne, and Florian Sikora. Monte carlo graph coloring. In Monte Carlo Search: First Workshop, MCS
2020, Held in Conjunction with IJCAI 2020, Virtual Event, January 7, 2021, Proceedings 1, pages 100-115. Springer, 2021

Marco Chiarandini and Thomas Stiitzle. An application of iterated local search to graph coloring problem. In Proceedings of the
computational symposium on graph coloring and its generalizations, pages 112-125. Ithaca New York (USA), 2002.

Denis Cornaz, Fabio Furini, and Enrico Malaguti. Solving vertex coloring problems as maximum weight stable set problems.  Discrete
Applied Mathematics, 217:151-162, 2017

Philippe Galinier and Jin-Kao Hao. Hybrid evolutionary algorithms for graph coloring. Journal of Combinatorial Optimization, 3:379-397,
1999

Adrien Goéffon, Frédéric Lardeux, and Frédéric Saubion. ~ Simulating non-stationary operators in search algorithms. Applied Soft
Computing, 38:257-268, 2016.

Olivier Goudet, Béatrice Duval, and Jin-Kao Hao. Population-based gradient descent weight learning for graph coloring problems.
Knowledge-Based Systems, 212:106581, 2021.

Olivier Goudet, Cyril Grelier, and Jin-Kao Hao. A deep learning guided memetic framework for graph coloring problems.  Knowledge-Based
Systems, 258:109986, 2022.

Olivier Goudet, Cyril Grelier, and David Lesaint. New bounds and constraint programming models for the weighted vertex coloring
problem. Proceedings of the Thirty-Second International Joint Conference on Artificial Intelligence, IJCAI 2023, 19th-25th August
2023, Macao, SAR, China, pages 1927-1934, 2023.



Bibliographie

Cyril Grelier, Olivier Goudet, and Jin-Kao Hao. On monte carlo tree search for weighted vertex coloring. In Evolutionary Computation in
Combinatorial Optimization: 22nd European Conference, EvoCOP 2022, Held as Part of EvoStar 2022, Madrid, Spain, April ~ 20-22,
2022, Proceedings, pages 1-16. Springer, 2022

Cyril Grelier, Olivier Goudet, and Jin-Kao Hao. Monte carlo tree search with adaptive simulation: A case study on weighted vertex
coloring. In Evolutionary Computation in Combinatorial Optimization: 23rd European Conference, EvoCOP 2023, Held as Part of
EvoStar 2023, Brno, Czech Republic, April 12-14, 2023, Proceedings, pages 98-113. Springer, 2023.

Cyril Grelier, Olivier Goudet, and Jin-Kao Hao. A memetic algorithm with adaptive operator selection for graph coloring.  In Evolutionary
Computation in Combinatorial Optimization: 24nd European Conference, EvoCOP 2024, Held as Part of EvoStar 2024, Aberystwyth,
Wales, United Kingdom, April 3-5, 2024, Proceedings, pages x—x. Springer, 2024.

Alain Hertz and D de Werra. Using tabu search techniques for graph coloring. Computing, 39(4):345-351, 1987

Zhipeng Lii and Jin-Kao Hao. A memetic algorithm for graph coloring. European Journal of Operational Research, 203(1):241-250, 2010.

Enrico Malaguti, Michele Monaci, and Paolo Toth. Models and heuristic algorithms for a weighted vertex coloring problem.  Journal of
Heuristics, 15:503-526, 2009.

Laurent Moalic and Alexandre Gondran. Variations on memetic algorithms for graph coloring problems. Journal of Heuristics, 24:1-24,
2018

Bruno Nogueira, Eduardo Tavares, and Paulo Maciel. lterated local search with tabu search for the weighted vertex coloring problem.
Computers & Operations Research, 125:105087, 2021.

Daniel Cosmin Porumbel, Jin-Kao Hao, and Pascale Kuntz. A search space “cartography” for guiding graph coloring heuristics.
Computers & Operations Research, 37(4):769-778, 2010.

Wen Sun, Jin-Kao Hao, Xiangjing Lai, and Qinghua Wu. Adaptive feasible and infeasible tabu search for weighted vertex coloring.
Information Sciences, 466:203-219, 2018.

Yiyuan Wang, Shaowei Cai, Shiwei Pan, Ximing Li, and Monghao Yin. Reduction and local search for weighted graph coloring problem. In
Proceedings of the AAAI Conference on Artificial - Intelligence, volume 34, pages 24332441, 2020.

Manzil Zaheer, Satwik Kottur, Siamak Ravanbakhsh, Barnabas Poczos, Russ R Salakhutdinov, and Alexander J Smola Deep sets

Advances in neural information processing systems, 30, 2017.

Yangming Zhou, Béatrice Duval, and Jin-Kao Hao. Improving probability learning based local search for graph coloring. Applied Soft
Computing, 65:542-553, 2018.



	Page 1
	Page 2
	Page 3
	Page 4
	Page 5
	Page 6
	Page 7
	Page 8
	Page 9
	Page 10
	Page 11
	Page 12
	Page 13
	Page 14
	Page 15
	Page 16
	Page 17
	Page 18
	Page 19
	Page 20
	Page 21
	Page 22
	Page 23
	Page 24
	Page 25
	Page 26
	Page 27
	Page 28
	Page 29
	Page 30
	Page 31
	Page 32
	Page 33
	Page 34
	Page 35

